Computational Physics Course 2018 summer

Brief introduction of lecturers

Profs. Sugino and Arita will cover the density functional theory of the electronic structure
of materials. Sugino belongs to the Institute of Solid State Physics (ISSP) and working mainly
on the understanding and prediction of interfaces, nanomaterials, and biomaterials. Arita
belongs to RIKEN and working on the strongly correlated electrons in a material. We will

introduce emerging field of the combined density functional theory and many-body theory.

Schedule

In the first half of the course (until the end of June 4), the lectures are given by Prof.
Sugino. The lecture includes practice of simulation using the software package “Quantum
Espresso”. The contents are
1. Density functional theory (DFT)
2. Density functional Linear response theory; static and dynamical
3. Many-body perturbation theory and DFT
4. Dynamics

In the second half (from June 11), the lectures are given by Prof. Arita. The contents are
1. Dynamical mean field theory and the extensions
2. Combination of dynamical mean field and density functional theory

3. Introduction of recent studies

Plan of the first half ---Density functional theory (DFT) and simulation--- by Sugino

This document includes the contents of the lectures given in the first half part of the course.

General introduction

The purpose of this lecture (the first half) is to introduce students the density functional
theory (DFT) and its extensions developed as a tool to simulate the electronic structure of
materials and to predict properties of materials. The importance of DFT is in the practicality;
the theory provides an approximate but practical way to understand the electronic structure,
which has had, and will continue to have, impact in the research of materials. (In my definition,
materials mean those matters targeted by condensed matter physics, biophysics, or chemical
physics.) In this context, I consider it important for beginners to practice a simulation, so that

students are requested to do a few simulations for the report assignment.

Why is the practicality so important?



As will be shown in the lecture, the electronic structure can be understood via the wave
function, or alternative ones such as the Green’s function. The many-body wave function,
however, has so large degrees of freedom that the amount of the information is already close
to “infinity” even for a ten electron system. This may be understood by counting the number
of ways to assign ten electrons to M orbitals, which amounts to M°! Although the number
can be effectively reduced in a direct and straightforward way according to the recent
information theory --- which indicates that we do not have to explore the whole Hilbert space
---, the wave function may not be a convenient tool to access the electronic structure except
for very indispensable situations. The need for practical theory has lead to the invention
(development) of the density functional theory. This point was emphasized by W. Kohn in his
Nobel prize lecture.

The invent of DFT was turned out to be revolutionary in that the electronic structure
calculation has made the easy access of nonexperts, including experimentalists and
theoreticians working on abstract models. From a practical point of view, I hear that
experimentalists are often required to do a DFT simulation to support the experiment by
reviews of scientific journals and similar things happen for the abovementioned theoreticians.
It will be better not to learn DFT simulation after the requirement but to do that beforehand.

Experiencing a simulation at the start of his/her research life should be advantageous.

Simulation in this course

I will spend an hour or more to provide students how to install a simulation software and
how to use it. I will focus on the program package called Quantum Expresso (QE). This is
because this is, at present, one of the most popular one in the world and there are many how-
to’s can be found on the internet. Students are requested to use their own laptop PC and are
guided to do a few simulations and are requested to report the results. The target of the
simulation will be carefully chosen to avoid too long simulation on the laptop PC: This
necessarily mean that the most of the advanced simulations are excluded from the exercise.
Nevertheless, the basic simulations required in the course will help imagine how the advanced

one may be attacked when a supercomputer is available.

At the beginning of the first half
In this context, I will begin by introducing DFT and explaining how to install QE. This

early stage will take a few days in the course (during April).

Introduction to Density functional theory (DFT)



I will follow the article written by J. Toulouse

http://www.lct.jussieu.fr/pagesperso/toulouse/enseignement/introduction_dft.pdf
which was prepared for the summer school in France.
Some recommended articles
The most popular introduction to DFT was written by Parr and Yang.
R. G. Parr and W. Yang, Density-Functional Theory of Atoms and Molecules (Oxford
University Press, New York, 1989).
which covers the development until mid-1980. Practical aspect of DFT simulation is summarized
in
W. Koch and M. C. Holthausen, A Chemist’s Guide to Density Functional Theory (Wiley-
VCH, New York, 2001),
which covers the technology on the exchange-correlation that had been developed until 2000
although further developments were made thereafter. Most recent textbook can be found, for
example, in
T. Helgaker, P. Jorgensen and ]. Olsen, Density-Functional Theory: A Convex Treatment
(WileyBlackwell, 2016)

The starting Hamiltonian
For the moment, we rely on the Born-Oppenheimer approximation and non-relativistic
approximation for N-electron systems. (Note that these approximations are not valid in
recent high-accuracy simulations but they provide an important starting point for the
simulations, as may be explained later in this course). Then, the target of study is the
electronic Hamiltonian, consisting of the kinetic energy of electrons, electron-electron
interaction, and the Coulomb field from the nuclear charge
ﬁel = Tel + I;I\/ee + ]7ne' (1.4)
for the details see Eqgs. (1.1)-(1.4) of the article by J. Toulouse (hereafter, I will call it just
“article”). Instead of the wave function |¥), the density n(r) can be used to characterize the

ground state: This is what DFT is telling about.

What does it mean?
The density is defined by

n(r) = fo ¥ (x, x5, xy)|? dodx, - dxy (1.6)

where x is the space-spin coordinate, and satisfies [n(r)dr = N. This three-dimensional
quantity is the “descriptor” of the N -electron system although |¥) is, of course, the

descriptor as well. This surprising statement was shown by Hohenberg and Kohn about fifty



years ago. (This is surprising when considering large difference in the degrees of freedom

between the density and the wave function.)

Hohenberg-Kohn theorem
This theorem can be understood in terms of the “mapping” of the electron density n(r)

from/to the potential from the nuclear charge, which is generalized as an external potential

v(r). In considering the mapping, it is trivial that mapping from v to n exits simply because,
given the external potential v, one can solve, in principle, the Schrédinger equation and the
density n is obtained from Eq. (1.6). What is nontrivial is the reverse mapping, i.e., mapping
from n to v, which can be derived as follows. (Before going in detail on the Hohenberg-
Kohn theorem, I note that this may be counterintuitive in that the precise measurement of

the electron density yields uniquely the position of nuclei.)

The proof can be given by different ways; (1) two-step proof by contradiction and (2)

proof using the Levy’s constraint search. Here I will show the first one only.

Two-step proof by contradiction (a modified version)

We will derive a contradiction for the assumption that there exist two local potentials

(differing by more than an additive constant) which have the same ground-state density.

From the two local potentials, v;(r) and v,(r) which differ more than an additive
constant, one can construct the Hamiltonians, H;, =T+ W,, +V, and H, =T + W,, + V,.

Let us assume that they share the same ground state |¥). Then, one gets

(%, = %) 1®) = (B, — EI¥), (1.9)
namely
N
Z[%(ﬁ) — ()P (X1, X5, -+, xy) = (B — E) P (x1, X2, , Xp). (1.10)

holds globally in the phase space, leading to v,(r) — v,(r) = const when the potentials
reasonably well behave almost everywhere so that ¥(xy,x,, -+, xy) # 0 except for some
points. This contradicts with the initial hypothesis.

We will then assume that different states |¥;) and |¥,) corresponding to H; and H,,
respectively, have the same density n(r). Since the states are different and therefore |¥,)
cannot be a ground-state wave function of Hj,

Ey = (W1 |H,|¥,) < (Wo|Hy|W2) = (W Hy + V) — Vo|¥,) = Ey + [ [v,(r) — v (M)In(r)dr (1.11)
holds. In parallel, we can show the following:
E, <E; + [ [v,(¥) — vy(™)In(r)dr (1.12)

Then, we arrive at an inconsistent inequality E; + E, < E; + E,.



Therefore, we are lead to the conclusion that v,(r) and v,(r) are the same except for

the additive constant and the mapping from n to v exists.

From the discussion made in the proof it is also clear that the ground-state energy E can
be obtained as a minimum of the expectation value of the Hamiltonian, or there exist a total-
energy functional E[n] which is given as

E[n] = mnin{(ll’[n]ﬁ" + W,e + [ v[n] (r)n(r)dr|li’[n])}. (1.15)
We can also define a functional called Hohenberg-Kohn functional as
F[n] = min{(¥[n]|T + Wee| P [n])}. (1.14)

v-representability

It is reminded that ¥[n] is not uniquely determined when the ground-state is degenerate;
nevertheless, F and E are unique. These values can be determined by finding a minimum
once the functionals F[n] and E[n] are established. This, however, does not mean that the
statement is of practical importance, especially because the search needs to be restricted to
within those represented from the ground-state wave function via Eq. (1.6), namely those that

satisfy the v-representable condition. All three-dimensional functions are not necessarily v-

representable!

Levy-Lieb constrained minimization
The Hohenberg-Kohn functional F[n] can be made more practical when we introduce an
alternative definition (Levy and Lieb)

F[n] = {p“i‘;‘l("’ﬁ" + Wee|¥) (1.17)
in terms of the constrained minimization of ¥. This should provide the same functional as
that provided by Eq. (1.14) but does not require the v-representability, so that the minimum
can be found by simply researching all functions that satisfy [ n(r)dr = N: namely assuming
N -representability. Of course, the obtained density does not necessarily satisfy the v-
representability, which needs to be checked afterwards. When Eq. (1.17) is introduced, it is

straightforward to show that the ground-state energy can be obtained by minimizing n(r):
Ey = mq;n(‘l’ﬁ" + Wee + I7en|‘l’) = min qrpin(’l’ﬁ' + Wee + Ven|’1’)
n -n

= min {lrpnig(‘z”ﬁ" + W)+ [ v(r)n(r)dr}
= mnin{F[n] + [v(r)n(r)dr} (1.18)

Additional comment of Hohenberg-Kohn theorem

It should be emphasized that it has been taking about 50 years to find a reasonable



functional form appropriate for materials; the accuracy is still not enough for many materials.
In the early stage, people searched a form for the kinetic energy functional T[n], but the
efforts have not been so successful. Instead, method of Kohn-Sham was introduced as will be
explained below. People have also searched a form for the electron-electron interaction,
Vie[n]; equivalently, a form for the exchange-correlation functional after decomposing it as
Veeln] = Vyln] + Vi [n], where the first term is the Hartree-energy defined as

Vyln] = % f Mdrdr’.

r—7']

Exercise
To understand the difficulty of constructing the kinetic energy functional, let us test the one
constructed according to the Thomas Fermi model. According this model, the kinetic
functional is given as
35/3774/3
T=——— | n()3dr
o [ n

for a three-dimensional system and as
72 L
T = —f dxn(x)3dx
6 Jo

for a one-dimensional system. From this, one can naively define the kinetic energy density
functional as

2

tn(x)] = —n(x)3

This is a local density approximation to the kinetic energy.
The integration can be done analytically for a 1D potential well of infinite wall height,

where the wave function has a form
Pn(x) = \/Z_/L sin (?),
And the kinetic energy is given as
2

L
T—izfl (FD)dx =~ N(N+1)(N+1)
~ L0 2 sin® (— =) dx = 73 2)
n o0

When using the Thomas Fermi model, the kinetic energy is approximated as

3
mrx m? , 9 3
=—f sin? ) dx—mN(N +8N+8>

Therefore, the ratio TTF/T behaves as a function of the density N/L like
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which is reasonably well for higher density, or large value for N/L, but deteriorates with
decreasing density. The reason can be found by comparing the TF kinetic density and the

exact one.
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The values for N = 10, N/L = 6 are comparable in the region between the potential walls but
are quite different near the end points. This reflects the general difficulty of constructing the
kinetic energy density functional in the region where the density rather abruptly changes.
Note that the potential changes very abruptly near the nuclear position as well and the
density also changes in the core region. This is the reason why Thomas Fermi model fails; the

model cannot reproduce the shall structure of an atom!

Kohn-Sham method (modern version)

To overcome the problem of constructing the kinetic energy functional, Kohn and Sham
proposed a method to replace the kinetic energy functional with that of a non-interacting
system that share the same density n(r). More precisely, one assumes there always exists a
non-interacting system under the influence of an effective potential veg(r) whose ground-
state electron density is the same as that of the target system of interest. Since the wave
function of the non-interacting system can be relatively easily computed numerically, the
corresponding kinetic energy functional can also be obtained, which will be denoted as Ty[n].
The proposition of Kohn and Sham is to use Tg[n] instead of T[n] and approximate F[n] as

Fln] = Ts[n] + Vuln] + Vic[nl,
where
Ts[n] = min{®|T|®) = (®[n]|T|P[n]). (1.21)

d-n



The last equation reflects the fact that the non-interacting system can be represented by the
Slater determinant &. (Here we use the Hartree-Fock state as the reference system but it can
be anything in principle. Importantly, the reference system should be such that the ground-
state wave function can be prepared.)

By tracing Eq. (1.18) reversely, we find that the total-energy can be obtained by searching

for the density representable by the Slater determinant that minimizes the HK functional as

E, = mgn{F[n] + [v(@n(r)dr} = min {21_1)2(61)|7A"|CI>) + Eyyeln] + [ v(r)n(r)dr}

= min {min(CI>|T + l7ne|cb) + EHXC[nCP]}

n \®-n
= min{{®[T + Vse|®) + Enxc[no]}. (1.22)
By minimizing the functional with respect to the Slater determinant @, the density can be

obtained as ng. Note that the Hartree-exchange-correlation functional can be decomposed

into
Eyxcln] = Ex[n] + Ex[n] + Ec[n]
where
Ey[n] = (®[n]|Wee| @[n]) - Ey[nl, (1.26)
and
Ec[n] = ($[n]|T + Wee|W[n]) — (@[n]|T + Wee|@[n]). (1.27)

From these definition, we find that the difference in the true kinetic energy functional and
that of the non-interacting system, T[n] — Ty[n], is absorbed by the correlation functional and
thus the correlation function is comprised of the kinetic energy contribution and potential
energy contribution.

E.[n] = T.[n] + U.[n], (1.27)
where

Te[n] = (P[n]|T|¥[n]) — (@[n]|T|®[n])
Uc[n] = (P[n]|Wee|P[n]) — (@[n]|Wee| @[n]).
Note that this is rather old definition of the exchange-correlation functional but recently

the “dirty” definition, dirty in that the kinetic energy and the potential energy having different
scaling properties are mixed, is avoided by introducing the adiabatic connection formula, as

explained below.

Kohn-Sham equation
It is well described in many textbook on DFT how to determine the Slater determinant. It
is determined by solving a Schrédinger-like equation called Kohn-Sham equation. The

equation can be derived by rewriting the minimization with respect to ® with that with



respect to the constituent single-electron orbitals ;. Within the scheme of the unrestricted
closed-shell description of the Slater determinant, 1;(x) = ¢;(1)x,,(0), the functional to be

minimized is
N
VZ
Eltpl = Y [ i) (— =+ e (r)) P + Bl (128)

which is very similar to the Hartree-Fock energy. The variation needs to be done by keeping

the orthonormal condition and the relation

N
n() = Y ¢l (129)
When the variation is done using the method of Lagrange multiplier,
N
Li@Y) = El@d - ) &l ¢i@¢dr - 1), (130)
as
SLIG]
550 (1.31)
we can obtain the differential equation
1 V2 6EHXC[”’] _ 1.32
5Vt tne() ) (1) + o & (r). (1.32)

The left-hand side of the equation can be rewritten as

5Ech[n] 6"(7',) d ’_
sn(r) o ‘(

Therefore, the differential equation becomes

1
=3+ vae1) + (1)) (1)

1 v
<_ E + vne(r)> ¢i(r) + 2

(=37 + aelr) + Ve (1)) 41 (1) = 1027, (135)

This is called as the Kohn-Sham equation.

Self-consistent field

Note that the effective potential vgg(r) = vpe(r) + vuge(r) is a functional of the density
n(r), so that the Kohn-Sham equation needs to be solved keeping self-consistency between
the density used to construct the effective potential and that resulting from (1.29). This makes
the calculation much more difficult than the one-electron Schrédinger equation. At this point,
itis very instructive to compare the Kohn-Sham equation and the Hartree-Fock equation: The

latter is

<_ %VZ + Une(r) + Uy (r) + UX(T)> d)i(r) = gl.d)l.(r),

where



LIPS L (01,2

|[r —7r'| [r —7r'|

v (P)g(r) = — fd)] ¢;(rdr’

= [ v ar

is non-local. The non-local nature of the Hartree-Fock has a significant meaning in that
contributions of the i-th orbital to the Hartree potential vy(r) and the exchange potential
v (r,1r") are the same except for the different sign. That is, the contributions of the i-th

orbitals are canceled out. This property of the effective potential is called self-interaction free.

Local density approximation for the exchange-correlation

The exchange-correlation functional, given by Egs. (1.26-1.27), are non-local; non-
locality of the exchange was shown explicitly in the above and that of the correlation is more
complicated as shown below. Non-locality makes the self-consistent calculation very
complicated. In the early stage of DFT, therefore, people searched for a local form for the
exchange-correlation.

The simplest form for the exchange can be found in the literature as the Thomas Fermi

exchange or Dirac exchange as
1

E.n(r)] = —Z(;f f n(r)% dr. (1.53)
Later, elaborate calculation was done for homogeneous electron gas, where the electron
density is constant, using various values for the electron density n and the calculated energy
density was related to n to find a better local form for the exchange-correlation. The resulting
functional was called “local density approximation (LDA)”. LDA was found to reasonably well

reproduce the energy of many weakly interacting electrons and was used to predict stability,

phonon, dynamics of materials.

How to deal with spin
You may wonder how to deal with spin. Or, you may alternatively want to use an
unrestricted Hartree-Fock form for the non-interacting system (see discussion around Eq.

(1.28)). The HK functional can be defined as

Flny,n]l = min (P|T + Wee|¥). (1.57)

Y-nyny

The search is done for normalized antisymmetric functions ¥ that yields

n(r) = fo [P T, x5, xp)dx, - dxy (1.58a)



and

n(r) = Nﬂf [P, xy, o, xy)dx, - dxy. (1.58b)

A KS scheme can be derived by decomposing F[n;,n;] into the kinetic, Hartree, and

exchange-correlation parts, where the kinetic part is defined as

T,[ny,ny] = min (CD|T|CD). (1.60)

d-onyny

The Slater determinant is composed from the one-electron orbital of the form
ltbi (x) = ¢i0’i (r))(ai (0)

and then the KS equation can be derived separately for each spin state

1
(—EVZ + Une (1) + vy (1) + vxc,T(r)) bir(r) = en(Mdir(r) (1.61a)

1
(—EVZ + Vne () + v () + vxc,l(r)) du(r) =& () () (1.61b)

The exchange-correlation potentials are given in terms of the derivative with respect to the
electron densities as shown in Egs. (1.62)-(1.63) of the article. It was shown by Oliver and
Perdew that the spin-dependent exchange functional Ey[n;,n;] can be expressed rigorously

as

1
Ex[ny,n] = 5 (Ex[2m] + Ex[2n,]), (1.64)

because, in the non-relativistic case,
EX [nT: nl] = EX [nT: 0] + EX[OJ nl] (S 8)

holds and, therefore, when using the spin-unpolarized case, n; = n; = n/2, we get
1
Exln, 0] = E,[0,n] = 2 E[2n]. (S.9)

using the spin-scaling relation which states that the up-spin density and down-spin density
are uncoupled to form the exchange functional.

This formalism for the spin density functional theory suggests a possibility to construct
extended formalisms as well. Indeed, by describing the HK functional in terms of the density
and the current density, the current density functional theory was developed and was applied
to electrons under excited states. One can also describe the HK functional using the electric
field and magnetic flux to simulate the electrons under inhomogeneous electromagnetic field.
In those cases, it is not obvious if one can prepare appropriate exchange-correlation functional.
If one wants to follow the procedure adopted in LDA, one needs to do an accurate simulation
under the inhomogeneous conditions and establish the functional relation. This is not always

possible especially when one needs to construct a non-local functional for accuracy.



Density matrix formalism

As a step to extend LDA, it is convenient to adopt the density matrix formalism or the
Green’s function formalism. Let us, for the moment, focus on the former formalism. In that
case, we need to investigate up to the second order density matrix because we are studying
electrons interacting through two-body interaction, that is the Coulombic interaction.

The two-body density matrix is defined as

ny(r1,72) = NN — 1) f f f W[n] ey, -, x) P doy do,dacs -+ dxy, @.1)

although factor 1/2 is multiplied in many literatures. This corresponds to the probability of
finding two electrons simultaneously at r; and r,. This density matrix is particularly
important because the electron-electron interaction functional can be written using n, as
@l o) = 5 [ T arar, 22)
The two-body density matrix is conventionally decomposed into the product of the density
and the rest as
Na(ry,72) = n(rdn(ry) + nyxc(ry, 72). (2.3)
The second term in the right-hand side is called the exchange-correlation pair density, which
can be further decomposed as
Noxc (T, T2) = n(r )Ny (1, 73), (2.4)
where ny. is called the exchange-correlation hole. We call this as a hole because of the
existence of the following sum rule
[y (ry,rp)dr, = —1. (2.6)
That is, the value is negative when integrated over the whole space. The electron-electron
interaction energy can be rewritten as

(‘P[n]lWeel‘P[ Jj n(r1)n(r2) 1d1"2 +%jf n(rl)nxc(rl'TZ) drldrz.

|ry — |7y — 73]

This indicates that the (potential energy contribution) of exchange-correlation energy is given

by the interaction with its exchange-correlation hole.

Exercise
Let us solve a Hooke’s atom problem and compute the exchange-correlation hole. The system
consists of two electrons confined in a Harmonic potential and the Hamiltonian is written as

A= —lvz —EV2 +1k(r2 +1r) +——
2 272 27N 2 e
which is a model He atom. Using the center of mass coordinate R = (r; + r,)/2 and the

relative coordinate u = r, — r;, the Hamiltonian becomes



1 1 1
— __y2 _p2 24 2102 42
H=—Vi—VitkR*+ ki’ +-,

so that the wave function can be decomposed into a product ¥(ry,r,) = y(R)®(u) and the

Schrodinger equation becomes

1
(_vai + kR2>)((R) = Epx(R)

(—vz METREN 1) D(u) = E,d(u)
v4 u v '

The first differential equation provides the well-known solution

Xn(R) =

3
1 2vk\*

—VkR? 1/27,1/4 1/27,1/4 1/271,1/4
\/Z”x"y"znx!ny!nzl< n ) ¢ an(Z g Rx)Hny(Z k Ry)HnZ(Z k RZ)

3
Epn = (nx+ny+nz+§)\/E

The second one is centrosymmetric and the solution should have a form

R (w)Yym ()
and the equation for the radial part is

1 d(za)+z(z+1)+1k P
wZau\“ du u? g Ty ) R = Bt

By rewriting R,;(u)

vk
e T ()

R(u) = ”

we obtain

d 1(+1) Vk 1
a + U2 + 7 + Z) Tl(u) = Eu'lTl(u).

d2
(_W + \/Eu

Following the Frobenius method, let us express the regular solution for T;(u) as

(o8]
T;(w) = utt? Z aut
i=0
and require that the recursion of the coefficient q;

—(+ 1+ D0+ Dau* 1 +VE( + L+ Dau T + 1L+ Dau+=1 + ﬁ — Ey; | ajuttttt
2 g
+auttt=0
to terminate at some point of i. The recursion is rewritten as
. . . vk 1
—(+14+2)(+ 1+ Dajyy + Ve +Daj_y + 11+ Dajq + | —=— = Eyy Jaig + a;|ui"1 =0
2 g

so that



a; + (\/E (i +1+ %) - Eu,l) a;_q
Fiv1 = (i+D@+2l+2)

Qo Qo
T i 2(21+3)(2(1+1)+‘/_(l+ ) )
5
a, + (\/E (l + 7) - Eu,l) a,
321+ 4)
The termination condition depends on the value of Vk, and the simplest solution can be

a3=

found for those parameters which vanish a, and as: The result is

1
Vie= 20+ 1
and
o 2l+5
w74+ 1)

Namely, for the harmonic potential of strength k = 4(l + 1)?, analytical solution can be found.
(Other solutions can be found by vanishing a with higher indices.)

The radial wave function is

. 1 __u?
R — 1 8(1+1)
(W) = u ( +2(1+1)u>e

and thus, the wave function for the relative coordinate is

uZ

u) e 8(+D) Y ().

d(u) = u (1 + !
2(l+1)

When multiplied by the state with the lowest energy for the center of mass yo(R) is

1 \4 _(R_Z) . 1 _(u_z)
R)D e 2(1+1 (1 —) 8(1+1)Y,. (u
Xo(R)®(w) (n(l+1)> R STy im ()
1 2 _(7”12"'7”22) : 1
= (m) e ) |y —1y| (1 +m lry — 7‘1|> Yim (P = 77).

After normalization,

2.2
(r{+7135)

_ 1
W(ry,ry) = Ne @D |r, — 7| (1 + 207D |y — 7‘1|> Yim (@ =77).

Pair density is then obtained as

(rZ+r2)
n,(r r)=NZe_2%l+12) |ry — 1?1+ ——— ! |Y (r; =1)|?
2(ry, 7 I 27T 2(l+1) m(rz — 1
J2l+1 @i+ 1 2
= N2 2(1+1) — 21 (1 - )
l 471_ e |r rll + 2([ + 1) |r2 rll

after taking average over the degenerate states. The electron density is obtained as



2

2N2ﬂf2l+1e_%|r—r|”(l+ ! Ir—rl) dr
L 4T ! 20+ 1) ! !
= 2N} ﬂf 214—; ! e_zrhru;(;—igi)i(m;u” (1 + 2(11 D u)z 2mu? sin 6 dud@.
Therefore,
n(r) = 2N§ (e'rz + e_g\/i <z + f + (r + 1) erf(L))>
2\4 4 r V2
for I =0 and

rZ
3me T (1567 + 3613 + 15 + 8(12 + 12r2 + 14 erf(%)
8r

r2
n(r) = 2N2| 6e”2 (10 +72) +

for | = 1. The exchange-correlation hole is then obtained from

ny(ry, 1) — n(r)n(ry)
n(ry)

N2 1) =

For | = 0, it looks like

Here the first electron is located at r; = (1,0,0) and the coordinate of the second electron is
taken as r, = (x,7,0). The aim of KS-DFT is to establish the relationship between the
electron density (right; unnormalized) and the (exchange-)correlation hole (left). For [ =1,

the exchange-correlation hole looks like



[ =1 is an excited state, so that this is outside the scope of DFT strictly.

Returning to the main steam, let us continue the discussion on the exchange-correlation hole.
We can separate the exchange-correlation functional into exchange and correlation. This can
be done by using the pair density of the Kohn-Sham single-determinant ®[n] as
Na ks, T2) = n(r)n(ry) + n(r)n,(ry, r2)
The exchange hole can be written using the Kohn-Sham orbitals as
2

N
() = = ) 1" ¢ (o) ()] |
J

o

so that it is negative everywhere.

In weakly correlation cases, the exchange hole is much larger in magnitude than the
correlation hole in general. Therefore, the major task of DFT in those systems is to find an
appropriate functional form for the exchange plus relatively small contribution from the
correlation. In practice, finding the form for the correlation is much more difficult. Note that,
when using the above form for the change, which is implicitly the functional of the electron
density via the Kohn-Sham orbitals, one needs to try to find the correlation functional only;
when, on the other hand, when using a local (and approximate) value, one usually tries to find

the form for the exchange-correlation without separating it into pieces.

Adiabatic connection
Here 1 introduce the important technique called adiabatic connection, with which to
redefine the exchange-correlation. In my view, this is extremely important in connecting DFT

to formally rigorous many-body theories.



In this scheme, we introduce a continue path between the non-interacting KS system and

the target system of interest while keeping the density constant. The density is kept equal to

the exact one. The Hamiltonian changes in the path as

A =T + W, + V4, (2.18)
where V7 is the external local potential operator playing a role to keep the density constant.
Note that the Hamiltonian is the Kohn-Sham one when 1 is zero and is the physical one when

itis 1. Along the line we have discussed, we can introduce the HK functional for each A.

FA[n] = qrpig(w|f + AWee|¥) = (P[n]|T + Wpe [P[n]) (2.19)
This functional can be decomposed into
FA[n] = T,[n] + Eﬁ [n] + EX[n] (2.20)
with
f f nl(:ll)_ngi)ldrldrz = AEq[nl, (2.21)
E{[n] = (@[n]|AWee| P[n]) — Efi[n] = AEy[n] (2.22)
E&[n] = (YM[n]|T + AW,e| W [n]) — (@[n]|T + AW,e|P[n]). (2.23)

The last equation can be used to derive
OE¢[n] _ (
or

Here the Hellmann Feynman theorem has been used. Then, we can derive

1| Wee| WA [n]) — (@[n][Wee|P[n]). (2.24)

1
= [ (90| e 9] a2 (@0 Bec] 01, (2.25)
0

Therefore, only the potential contribution appears in the formulation. We can further rewrite

the correlation energy as

n(rl)nc (ry,72)
fdlff —— dridr, (2.26)
or
n(rl)nc (ry,72)
ff —y dridr, (2.27)
where

ﬁg(rprz) = f d/lng(rl'rz)-

This indicates that it is the parameter averaged correlation functional that needs to be related

to the density in DFT. Later, I will show that this can be done using the fluctuation dissipation



theorem.
It seems to me that it is more difficult to obtain W*[n] than to obtain W[n]. If this is true,

the adiabatic connection has only conceptual importance.

Fractional number of electron

With DFT, it is plausible if one can consider the system under finite temperatures, where
the system contains thermally excited state and thus the theory is no more a ground-state one.
It is also plausible if one can study a subsystem interacting with host materials, and in addition,
exchanging electrons with the host. Extension of DFT in those directions were discussed in
the past. I will briefly explain the density functional theory for fractional number of electrons
as a step towards those problems.

Let us denote the number as ' which is also writtenas N =N — 1+ f with N €I and

0 < f < 1. The total-energy is described as

E) = min Tr[F(T + Wee + Ve )|, (2.30)

using the ensemble density matrix defined as
[= 1=V IHEV + FIWNIPN. (2.31)
(One may use many states with different number of electrons as well.) The variation is done
for WN-1 and WV, by which the ensemble density matrix is obtained as
By = (1= OIPF 10N + F1wd )@Y, (2.32)
Then the total-energy can be described as
EY = (1-f)E™" + fE.

From this definition, it is clear that the total-energy has a derivative discontinuity as

dEJ" {E{)\’ —EN-1=—IywhenN—-1<N <N

AN |EY*'—EY = —-AywhenN <NV <N +1

Usually, the ionization Iy and the affinity A, are different, so that the electronic chemical
potential dEJ' /dN = u is discontinuous at the integer number: This is called integer
discontinuity. Note that the fundamental gaps, or the HOMO-LUMO gap, is defined as

Iy — Ay = EX,.

DFT for fractional number of electrons assumes existence of universal HK functional
F[n] = %nin Tr[f(T + Wee)] (2.38)
-Nn
This can be decomposed, in the KS theory, into

F[n] = Ts[n] + Epxc[n] (2.39)

where the Kohn-Sham non-interacting kinetic energy is given as



in Tr[I,T],

-n

T [Tl] =

bl

and the ensemble non-interacting density matrix is

Ty =1 =)oV N DN | + flON DN, (2.41)
The total-energy can also be described using the Kohn-Sham orbitals in a way very similar to
the one shown above, but here I show the resulting equations. By introducing partial

occupation number of each KS orbitals n;, the total-energy can be described as

N
E= z n; f ¢L*(r) <_ %VZ + Vhe (1")) ¢i (r)dr + Ech [Tl], (242)
with the density
N
n@) = ) il (243)

14
Note that the occupation number satisfy the condition that n; =1 for i < N—1 and ny =

f. The KS equation is thereby unchanged

(‘ %Vz + vs (7')> i(r) = gi(1) (2.44)
O
Us(1) = vpe(r) + ;l—(r[)n] (2.45)

It should be reminded, however, the derivative with respect to the electron density becomes
ambiguous when allowing change in the number of electrons. Therefore §Eyy.[n] should be

understood in terms of

6Eyxcln] = J (ngz;(cr[)n] + const) én(r)dr (2.46)

and the change in the number of electrons should be carefully taken into account to determine
the constant, as will be shown in the next subsection. From the above equations, we can derive

0F _ 2.46
This is called Janak theorem. Recall the Koopmans theorem of the Hartree-Fock, which is
similar to Eq. (2.46) but is different in that the differentiation is replaced by finite difference

in the Koopmans.

LUMO energy and the derivative discontinuity

From the Janak theorem, the derivative at a number slightly larger than an integer is,

oEY
(6N> = &fidmo (254)
N+6

where the right-hand side is equal to the HOMO energy at N + 1-th orbital. Since Eq. (2.54)



is identical to the definition of the affinity, we have

elitio = —An. (2.55)
This means that the affinity can be calculated using the HOMO energy. But, actually, this is
unrelated to the LUMO energy. To see it, let us write the HOMO orbital in terms of the KS

orbitals as
oMo = f DS ™) (——v2+sz+5(r)> Nomo(dr. (2.56)

The naive counterpart will be the LUMO energy of a system with a number slightly smaller

than N. The corresponding LUMO energy is

EI{VU_I\(go = f‘pLUMO(r) (“VZ + stv 6(")) ¢LUMO(r)dr (2.57)

With decreasing § — 0%, v¥*%(r) and v)N=%(r) approach the potentials that are equal to

each other except for the additive constant, v¥*%(r) — vN=8(r) = AY.. Therefore,
N+

efiomo = elumo + ARe (2.58)
holds. Namely, after taking the limit,
elumo = —Ay — Afe. (2.60)
This allows to rewrite the fundamental gap in terms of the derivative discontinuity as
Egap = €lumo — &flomo T Al (2.63)

The constant appeared in the derivation of HK theorem turns out to be the derivative

discontinuity.

Existing approximate functionals

There are many different functionals of different level of approximations. Usually, there is
a trend that the more complex the functional is the more accurate the result is, but this does
not mean superiority in all respects. A functional can be more accurate in one respect but is
less accurate in the other respects. Let us briefly survey popular functionals.

Local density approximation (LDA): The exchange-correlation of LDA can be written as
E)%PA[ ] f n(r) umform gas (n(r))dr.

¢ is obtained by doing a Monte Carlo simulation of uniform electron gas of a fixed electron

density. The result of the exchange-correlation energy is fitted to a form
1

3/3\3 1
-3 (;) n3(r) + &.(r:(n(1)))

Alnrs + B+ Crlnry,  whenr, <rj

e(ry) =12 L/

Ts T‘S

whenr, > 1,



1
where 7, = (ﬁ)g.
Generalized gradient approximation (GGA): LDA is based on the uniform electron gas and
therefore is more accurate for a system having more uniform electron density. This means
LDA favors too much metallic systems over insulating systems and favors also condensed
phases over isolated phases like an atom. This is a serious drawback when comparing phases
of different electronic structure. It is also known that the adsorption energy on the surface or
atomization energy is too large and is beyond the required chemical accuracy. As a method to
overcome it, gradient of the electron density is incorporated into the functional. A natural

form for the gradient corrected exchange-correlation functional is obtained by expanding by

the dimensionless parameter Vn(r)/n(r)*/? as

2
ESEA[N] = EXPA[n] + f Cxc(n(r))n(r)% (Vn(r2> dr, (3.10)

n(r)3

The expansion parameter, however, can be large in some part of the target system making the

expansion break down. In this context, people have tried to construct a functional so that

ESGA[n] = f f(n@@),vn(r))dr (3.11)

Note that LDA uses a local approximation to the exchange-correlation, in this sense GGA is
said to be a semi-local approximation scheme for the exchange-correlation. Some works nicely
at crystalline phases and others at surfaces, and so on. For details, please read the textbooks

shown at the beginning.

GGA[#1] B88 exchange functional: Becke 88 was constructed to reproduce the nonlocal
exchange functional (Eq. (1.26)), such as the asymptotic behavior of the exchange energy

per particle and the value of the nonlocal exchange energy of rare-gas atoms.

GGA[#2] LYP correlation functional: Lee-Yang-Parr (LYP) correlation functional was

constructed based on an approximation of the Hartree-Fock pair density.

GGA[#3] PW91 exchange-correlation functional: Perdew-Wang 91 exchange-correlation
functional is based on a model of the exchange hole (Eq. (2.14)) and the coupling-

constant-averaged correlation hole (Eq. (2.29)).

GGA[#4] PBE exchange-correlation functional: Perdew-Burke-Ernzerhof exchange-

correlation functional is a simplified PW91.



Meta GGA: Meta GGA is based on the description of the functional using the second
derivative of the density and the newly introduced quantity 7(r) defined by Eq. (3.14).

EDGGA — f f(n(r),vn(r), V?n(r),=(r))dr (3.13)
N
1
o) =3 ) Vi)l (3.14)

7(r) is constructed by the square of the KLS gradient. This quantity is distinct from the
electron density and thus the ground-state energy is given formally as

Ey = mqin(cbﬁ' + I7ne|cl>) + Eylne) + Exc[ne, Tol-
Therefore, it is a slight extension of the KS-DFT formalism. Meta GGA is generally superior

to GGA but requires dedicated basis functions or finer real-space mesh.

Hybrid DFT: Becke proposed to mix the nonlocal exchange energy, or the Hartree-Fock

exchange energy,

=Ty

E)I(.IF Zz-f ¢w‘(r1)¢]a(r1)¢10(r2)¢w( z)d Ldry, (3.18)

with the existing forms for the exchange and correlation, such as
E3f = aEYF + PESS® + (1 — a — b)ExP* + cES%A + (1 — )EEPA, (3.17)
The most famous parameterization is known as B3LYP, which was constructed by using the
B88 exchange for the GGA exchange and the LYP correlation for the GGA correlation.
Another form is
Eil = qEFF + (1 — ) EPFA + EDFA (3.19)
where DFA stands for any semilocal density functional approximation (DFA). The most
famous one is called PBEO where the fitting parameter was set to be 0.25. Hybrid DFT is
rather free from the self-interaction error. The mixing parameters, a to c, are determined
by comparing with the experimental data for selected matters: Because of its highly empirical
nature, the range of applicability should be limited. It is also noted that hybrid DFT generally

works for insulators but sometimes fails for metals.

Double hybrid DFT: Grimme constructed
E2PH = q EFF + (1 — a,)EPFA + (1 — a)EPFA + a EMP?, (3.22)

where MP2 stands for the second order approximation to the correlation energy



N 2M

(i [Watby) — (et [ ba)|”

EMP2 = _— (3.23)
4ij=1 ab=N+1 fat & & E
where the bracket appearing in the numerator indicates the Coulomb integral
Vi (r)Y;(r2)Ya (r)P, (r2)
(bt latpy) = [[ dx;dx, (3.24)

Note that a and b is large than N indicating that unoccupied KS orbitals are included in
the formalism contrary to others introduced so far, where only occupied orbitals are included.
This way, the computation of the functional are becoming more and more demanding

although the accuracy is generally improving by that.

Range-separated hybrid DFT: likura, Tsuneda, Yanai, and Hirao proposed a long-range
correction (LC) scheme to assign different forms for the exchange depending on the distance

between the electrons as

long range,HF short range,DFA
ExE = E M TNEST 4 B2 BT 4+ EDFA

The range-separation is done using the error function as

Ny . . _ * )
E)l(ongrange,HF _ _%ZZI $is(r1)pjo(re)erf(ulry r2|)¢10(r2)¢16(r2) drydr,,  (3.27)

— |y — 12

o ij
This is based on the idea that the error of the semilocal approximation to the exchange is
serious when two electrons are apart and the error is effectively corrected by the HF exchange.

The cutoff distance for the range-separation needs to be introduced empirically.

Exact exchange (HF exchange)

In this scheme, the one-electron orbitals ¢;, appearing in Eq. (3.18) is not treated as an

independent variable but is regarded as a functional of the electron density n(r). That is, the

orbitals are treated as the solution of a KS equation where a (semi-)local form is used for the

exchange-correlation functional. The exchange potential thereby generated is the derivative
of Eq. (3.18),

OE, _ OE, on(r") o

Svg(r) dn(r") dvg(r)

(4.2)

The derivative of the electron density can be obtained by using the definition of the response
function
) = on(r’)
Xo r,r)= (SUS(T)

as



SE,
Svg(r)’

That is, using the response function, change in the electron density with respect to the

fvx(r’)xo (r',r)dr' = (4.3)

effective potential is expressed using the KS orbital as

Zz f bio (1) bao (M bas M dis () |

Xo(r',r) = drydr, +c.c. (4.5)

Eqo — &
o i=1a=N,+1 ao "o

When this is used, we can derive the exchange potential using the two-electron integral as

&,S@ ZZ Z (¢ag¢,g|¢,g¢w)‘l’“"(r)‘l’”() ce (46)

o ij=1a=Ns+1

This method for expressing the HF exchange is called optimized effective potential (OEP)

method.

Second-order Gorling-Levy perturbation theory
The Hamiltonian appearing in the adiabatic connection, H* =T + AW,, +V*, is
decomposed using V* =V, — AV, — U} as
= (14 0) 4 2 )~ T
following the second order expansion of V4 with respect to A, which starts from the second
order as VA = /12[7(:(2). Then the perturbation theory is applied to the KS state ®,,_, as

@) = Z |D,) q)"'M:fe — ZHXM)"),
n 0

n+0

and this expression is inserted into Eq. (2.23)
Ed = (WA|T + Whee|¥7) — (@[T + AWWee| @)
to obtain the correlation energy by expanding it in powers of A. The result is
_ - 2
|(¢|Wee — VHX|¢n)|
(c.:n - 80 )

2 o~ ~
ED = (0] Wee | #D) = (0| — Pu| ¥ D) = = >
n+0
It was found this does not improve the correlation satisfactorily, indicating that it is

necessary to go beyond the second order approximation.

There are so many types of approximation. As we have seen above, some of them are
introduced to approximate the HF exchange, which takes large computational time, with semi
local one, for which the computational time is generally much smaller. Others are introduced
to better describe the correlation functionals semilocally. In many cases, the accuracy has been
improved empirically in the sense that fitting parameters are introduced to better reproduce

experiments or accurate simulations. This idea is recently combined with machine learning



methods which enable to use much flexible fitting functions like neural network. Contrary to

this approach, there have been trials to derive plausible functionals theoretically.

Fluctuation dissipation formula

To derive the functional form theoretically, I will introduce the general idea of many-body
theories called fluctuation dissipation formula that relates the correlation described using the
pair density n,(r,,r,) with the fluctuation (W|A,(r;,r;)|¥) described by the expectation
value of the pair density operator. The fluctuation is known to be more easily evaluated than
the correlation when the fluctuation is described by using the response functions. Note that

this is a step toward combining the density functional theory with the many-body theory.

Density operator
To compactly describe the fluctuation dissipation theorem, let us introduce the density
operator without using the terminology of the field theory. The density operator is

defined as

N
) =) 5=

where r; is the coordinate of the constituent N electrons and r is a pointin real-space.
The density can be obtained as
n(r) = (¥, (r)|¥).
The pair density operator can also be defined as
fly(ry, 1) = Ay (r) Ay () — A ()6 (ry —12).

Those are used to obtain

~

1
- j [V28, (r, 7)oy

Wee = EJ Wee (11, 1) (1, 12)dr drr,y

vne = f Vpe (MA(r)dr

To obtain the correlation energy using the adiabatic connection,
! A ny, c(rp rz)
E, =f dA (P Wee |P2) — (| Wee|P) = f d/lﬂ dridr,, (4.15)
0 |1"1 - 1"2|
we need the quantity
n%}c(rl, ;) =nj(ry,T;) - Nyks(T'1,T2).

Using the relations



n%(rprz) = (qﬂtmz (7"1,7”2)"1"}\) = (qjllﬁ1(r1)ﬁ1(r2)|w}\) - 6(ry — rz)(tp}‘|ﬁ1(r1)|qﬂl)
nz,Ks(rl:rz) = (P|A, (r A ()| P) — 6y — 1)@ (1) | P) (4.16 — 4.17)
and the fact that the density is independent of A, we have
n%,c(rprz) = (qjllﬁ1(r1)ﬁ1(r2)|wl> — (@[ (r ) Ay (r2) | D). (4.18)

Now we relate the correlation function to the response function, i.e. response of the density
to the external perturbation. Equation (4.5) is a static response function
sn(r")
r,r)=—"7<
XO( ) 6173(1')

but it is better to use a time-dependent one like
sn(r't")
r't,rt) = ———.
Xo( ) Svs(rt)
We also need to consider that eq. (4.5) describes a response of the non-interacting system,
but we need response of the interacting systems
sn(r't")
r't,rt) = ———.
XTI = D)
For this purpose, we use a many-body Green’s function formalism for the time-dependent

Schrédinger equation. So, let us introduce the many-body Green’s function formalism for a

while and then return to the discussion on the fluctuation dissipation theorem.

Many-body Green’s function (article 2)
We briefly introduce the many-body Green’s function following another article written by
Toulouse. For this purpose, we first change the language to that of the field theory. The

Hamiltonian can be rewritten as

_ R 1 R 1 R R o
H= J dx T (x) (—EVZ + vne(r)>¢(X) +5 j dxydx; YT (e )Pt ) v(ry, )P ()P (xy),

where v(ry,r;) is the Coulombic interaction 1/|r; —r,| and the term parenthesized in the

first term — % V2 + v, (1) will be denoted as h(r). Here we have introduced the field operator
Y@ = ) i@,

which will be time-evolved using the Heisenberg representation as

Y1) = Py, 1) = ey e
This is just a rewrite of equations but helps to make equations much simpler. I intuitively note
that the “physical” Green’s function is the retarded one but “convenient” Green’s function is
the time-ordered one; there is a way to make the former from the latter. The time-ordered

Green’s function is given for an N electron system by



i6(1,2) = (N|T[$DHT)]|N)

(N[$DP*(2)|N) when t, > ¢,
N {—(N|1/3+(2)¢7(1)|N) when t; < t, @
Here operators are ordered from the more past ones to the more recent ones. The Green’s
function follows the equation of motion

d v2 N o
( o )G(l 2)=6(1-2)— lz v(3,1) (N|T[¢T )P B)P()PT ()] |N).

03
This can be derived as follows:
First, consider the equation of motion of the field operator, which is

(1) _

—jelft: [tﬁ(xl), ﬁ]e_iﬁtl.
ot,

By calculating the commutation relation, we get

[UA}(?&): ﬁ] = h(r)P(x,) + f dx, YT () v(ry, r)P () (%)
and then

P (1)

=~ P ~ i [ dFEVAIDEH),
This can be used time derivative of the one-body Green’s function

a ~ ~
i35 6(12) = 86 = (NP @N) + 6t — ) (N

—6(ty — tz)(N|¢T(2)¢(1)|N) O(t; —tz) (N

This can be simplified as

1%0(1,2) =5(1,2) + h(1)G(1,2)

i f dB3vLOt — )N BPRIBWPH)|N) - (¢,
— t) (N|PT(@PT )P B)P(D)|N)

Using the definition of the two-body Green’s function as will appear below
26,(1,2;1',2") = (N|T[P (PP (19T (2)]|N),

further simplification is possible and the result is

1£G(1 2) = 8(1,2) + h(1)G(1,2) + 1f d3v(1,3)G,(1,3%;2,3+%),

where time is ordered as t3* > tF > t; and the difference in the time is infinitesimal.

The one-body density matrix can be written as

ny(xy,x3) = (N|1ﬁ*(x2)1/3(x1)|N) = =G (x1ty, x,t7). 3)



and the one-body electron density as
m (%) = =1 ) Gyt 1,0t]). )
(e}

The Green’s function can be rewritten using the completeness relation of N + 1 body states

as
16y, 2,7) = 0(2) ) (NP@DIN + 1L,a)(N + 1, alift ) [N)e (e sn)e
—6(-1) Z(N|1,13T(x2)|1v —1,a)(N — 1,a|(x,)|N)e {(Ev—En-1a)7,  (5)
so that the Fourier component is

G(xy, Xy, @) = Z(N|1/3(x1)|N +1,a)(N + 1,a|gt(x)|N)
1,42, - w — EN+1,a + EN + iot

(N[PT(x)|N = 1,a)(N — 1, a|p(x,)|N)
+Z w—Ey_14+Ey—i0*

a

This is called the Lehman representation of the one-particle Green’s function. It is simply

rewritten as

fa(x)fg (x2) Zfi(xl)fi*(xz)
- + ©6)
— W

w+ A, +i0* —I; —i0*’
a
where the affinity and ionization potential has been used. The function f appearing in the

denominator is called as the (quasi particle) wave function.

Linear response and response function
At this moment, let us definite the linear-response function. For this, we will consider

a system applied with a perturbation like

H(t) = f AT Vege (1, t)dr

and evaluate the expectation value of the density. We can use the equation of motion for

the time-evolution operator in the interaction representation

U6 L)
i = AL (OU ()
which is solved as
t . t e R
U(tty) =1—i| dt’H(t'))=1—i]| dt' et H(t")e Hot,
to to

Therefore, the expectation value of the density is given as
sn(re) = (U (¢, to) i, r) Uy (¢, t))-

The terms linear with respect to the perturbation is



t
on(rt) =i | de'T ([, (re), A (7' t)]Wexe (7', )
to

The response function is thus given by the density-density correlation function as
x(rt,r't") = K[A,(rt), A, (r't)]).

Here the subscript I may be regarded as the Heisenberg representation. Depending on

the boundary condition, we can make the causal or time-ordered response function. Note

that this is a plausible extension of the static definition #,(ry,r,) = A, (r)A,(r,) —

Ay (r)d(ry —ry)

One can likewise introduce the two-body Green’s function as
2G,(1,2;1',2) = (N[T[P(Dd @ )P 2] |N), (7)
which describes the propagation of a pair of particles; electrons, holes, or electron-hole. A
related quantity called four-point linear response function is defined as
ix(1,2;1,2") = i26,(1,2;1,2") — iG(1,1)iG(2,2"). (8)
For a special time-ordering relation, it can be rewritten as
ix(1,2;x'1tf,x'5t3)
= (N|T[PTAHPDPTRHP2)]|N)
— (N[PTANPINUN [T IP)IN), (9
and the Fourie transformed equation is then given by
x (%1, X35 X3, X5; )
_ Z [(Nllﬁ*(l’)tl?(l)IN. n)(N,n[PT(2)P(2)|N)
w— (Eyn—Ey) +i0*

n+0
(N[BT OGN, n) (N, n[t 1)H(D|N)
- - (11)
w+ (Eyn— Ey) —i0*

This indicates that the four-point linear response function in this special time-ordering
corresponds to the linear-response of particle-hole pairs.
One can further introduce the independent-particle four-point linear-response function
yp(1,2;17,2") = —iG(1,1)6(2,2") (12)
and the corresponding response function

xip (X1, X5 X1, X33 T) = —iG (X4, X5; T)G (X2, X35 —T) (13)

. (14)

(it = Y [LOMEDEGDRCD [ GDRG )
A1pixe, X2; %1, X23 w—(E,—€)+i0% w+ (E,—€)—i0%

isN<a

Having introduced the many-body Green’s function, let us return to the discussion on the

fluctuation dissipation theorem. The response function (Egs. (9-10)) can be written as



i (rity, maty) = (P T[AA (rit ) At (o) ][ 9 1) — (WA T[AA (ryt) ||PAN(WA T [A2 (rpt2) ][ 92)

= (WHT[A* (ry t) A% (r,t)]| W) — (P A [PANP A r,) [P2) (4.19)
If we set t, = t; + 0%, the Heisenberg phase factor is canceled out and
i (ry, 12T = 07) = (PHAr DA, |PA) — (PHAG) PP AG,)|P2). (4.20)
It is possible to derive similar equation for A = 0, giving
Xo(r, 727 = 07) = (DRIDAE)I®) — (DIAG)IONDIAE)IP).  (421)

This makes it possible to write the two-body density correlation in terms of the response
function as

n%,c(rprz) =i[xa(ry, 1yt =07) — xo(ry, ;7 =07)], (4.22)

and using the Fourier transformed form as

ny, c(rl»rz) == f_elwo Dea(r,ras o) — xo(r, 725 w)], (4.23)

which is known as the fluctuation dissipation theorem. When this is combined with the

adiabatic connection formula, we get

1 (<9

1 T, Ty W T w
=—§fdlf2m lw0+ff)(z(1 2 0) — Xo(T1, T3 )drldrz

T — 1,

This is a particularly important formula which provides a practical way to compute the
correlation functional in that we do not need the many-body wave function.

The problem is now reduced to the evaluation of the response function y,. This can be
done either by using the time-dependent DFT or the many-body perturbation within the GW

approximation. For the moment, let us concentrate the former.

Time-dependent density functional theory (TD-DFT)

To explain the response function within DFT, [ will briefly introduce TDDFT. According
to Runge and Gross, there exists a one-to-one correspondence between the time-dependent
density n(r,t) and the time-dependent effective potential vg(r,t), so that n(r,t) can be

obtained by solving the time-dependent Kohn-Sham equation:
0 1_,
laﬁl’i(n t) = [—EV + vg(1, t)] (1, 1),
and
N
n(r,6) = ) loir, O

This is a natural extension of the Kohn-Sham DFT.

According to the many-body theory, in the linear response regime, the change in the



density and change in the external potential can be related via the response function as

(o8]

Smy(r,t) = f dat’' f dr' y,(rt, 't svi. (r't)
0
where
X)L(rt: r’t’) — M
(Svjxt(r’t’)
the response function can be given (from the definition) as

wtrr = Y [PAOMEEIRCONY (el ()

w— Wy, +i0* W+ w, +i0F
m#0

In TDDFT, the equations are replaced by those of a noninteracting system

(o8]

sn(r,t) = f dt’fdr’)(LKS(rt,r’t’)(SvSl(r’t’),
0
én(rt)
rt,r't’) = ———,
X/l,KS( ) 61751 (T’t’)
and

FMelmelr el
W — wj +1in

, @
XA,KS(T'T , W) = Z
kj

The effective potential, v(r't’) = vi,('t") + vu('t) + v (r't"), is related to the density

via the exchange-correlation kernel K as

Svi(rt)

KLt r't) = ——,
XC( ) 6n(r’t’)

so that

n(r't)

8vd(rt) = svl, Grt) + [ dr’ ]

+ [dr'dt'Ki (rt, r't)n(r't")

Since the same density response results in both cases, we get

8(ty — t3)

0@t r't’) = prs@tr'e’) + fff Xaxs(Tt,Tity) [ﬁ + Ko (rity, 75t) | X (ratp, 7't")
1712

Namely, once functional form for the exchange-correlation kernel is determined, we get the
response function, with which one can calculate the correlation functional. The problem has
not been solved by this, instead, the problem has been transferred to the construction of K){lc,
which is practically easier. Also, there is a way to construct it from a rigorous many-body

theory.

Let us then introduce the many-body theory for constructing the response function. Again,



we will follow the article written by Toulouse.

Self-energy

Returning to the equation of motion, which was derived above as

1%0(1,2) = 6(1,2) + h(1)G(1,2) +i f d3v(1,3)G;(13%23™),  (15)
1

let us introduce the self-energy operator. For this purpose, let us assume that we can find a

solution for the following equation
f d3%45,(1,3)G(3,2) = —i f d3v(1,3)G,(1,3+;2,3*) (17)
or equivalently let us introduce the following quantity
Tie(1,4) = —i f d3v(1,3)G,(1,3+:2,3* )G 1(2,4). (18)
Then, we obtain a formally closed form for the Green’s function
[iaitl - h(l)] G(1,2) = 6(1,2) + f d3v(1,3)G(3,2). (16)

This means that with the self-energy (Eq.(18)) we do not have to introduce the complicated
multi-body Green’s function.
Note that Green’s function is given for independent electron approximation as
0
|15 = h(D)] Ginaep(12) = 5(1,2) (19)
1
Using G(1,2) = J Ginaep(14)Ginhep (4,3)G(3,2), we get

f d3[Gigep(1,3) — Zuxc(1,3)]G(3,2) = 6(1,2) (20)
This is rewritten as

6(12) = Gindep(12) + [[ Ginaep (13) Zuee (3G (42), 21)
or as

G7M(1,2) = Gingep(1,2) — Zuxc3,4). (22)

Equation (21) is known as the Dyson equation for the one-body Green’s function.

Fourie transform is (assuming homogeneity of the system with respect to time) given as

[w = h(r)]G(x1, x2; w) = 6(xq, %) + f Adx3Zyxc (X1, X35 0)G (X3, X2; W) (23)

Using the pole €, and the wave function f;(x) of the Green’s function, we can rewrite Eq.

(23) at the pole as



(€ — h(rD)1fie ey (x2) = f s Dy (o, X3 €O fe () fi (02) =0, (24)

when there is no degeneracy. This can be further simplified as

RO fen) + [ s Bise i, 23 €S (x) = Exfix). 25)

If the imaginary part of the self-energy is zero, Eq. (25) is equivalent to a one-particle
Schrodinger equation. Because of the imaginary part, however, it becomes similar to the
equation with absorption potential, indicating decreasing amplitude of the wave function with
time. It is known in some cases that the imaginary part is small for the energy states close to
the Fermi level. So, Eq.(25) is called quasiparticle equation.

Note that the self-energy is apparently equivalent to the exchange-correlation potential of
TD-DFT. It is therefore possible, in principle, to derive the exchange-correlation from the

many-body theory although it is determined from empirical argument.

Exchange-correlation kernel from first principles
1. Green’s function using the interaction representation

Suppose the system is perturbed by an external field u(r), or

H'(t)) = fdl u(Dn(1).
The Green’s function can be described using the interaction representation

(N[T[SpPTA]|N)

CALY =TSy

where S is the time-evolution operator in the interaction representation
ta
S(ty tp) = exp|—i f dt;H';(1)|; S =S(—o0, ).
ty
The two-body Green’s function is also

(N|T[spP@Pt )b aH]IN)

G,(1,1;2,2) = (—i)? (NIT[STINY '

similarly to the one in the limit of u — 0.
2. Equation of motion
The Green’s function follows an equation of motion
0
i —h()- u(l)] GL1) +i f d2v(1,2)G,(1,1',24,2%%) = §(1,1").
1
When the Green’s function is differentiated with respect to u, we get the equation known as

Schwinger’s trick



5G(1,17) ' | )
8u(2) = _62(111’; 2;2+) + 16(1,1’)6(2,2-'—) = —62(1’1” 2,2+) + 16(1,11)<n(2)>
With this, one can formally remove the two-body Green’s function from the equation of

motion:

6G(1,1")

d + ,
1a—1—h(1)—u(1)—fd2v(1 2)(n(2))]G(1 1)—lfd2 (1%,2) =5 555 = 811,
As we did above, we can define the self-energy operator
2(1,1) = deU(l 2)(A(2)) 8(1,1") + zf d23 v(1*,2) 6((12? “1(3,17)

= 2H(1,1) + 2*¢(1,1")

so that the equation of motion can be rewritten as

1%— h(1) — u(l)] G(1,1") — ldeE(l 2)G(2,1") = 5(1,1).

When unperturbed Green'’s function is defined from
[1— - h(1)] ¢ (1,1 = §(1,1"),
we have the equation of Dyson type

G(1,1) = G(O)(l,l’)+f d236©(1,2)2(2,3)G(3,1).

3. Self-energy
The self-energy operator has a form difficult to understand. Let us relate it physically
understandable quantities. For this purpose, we define the total potential as a sum of the

external potential and the Hartree-potential

V(1) = u(1) +fd2v(1,2)(ﬁ(2))

and consider the response of the Green’s function to the change in the total potential;

86 (12) ra,z23
— — |_) .
6V(3) ( &) )
The vertex function I'(1,2;3) can be rewritten in a Dyson form as
§2*¢(1,2)

mc(4,6)G(7,5)1‘(6,7; 3),

r(1,2;3) = 5(1,2)5(2,3)+ﬂ d4567

so that one may start the first order approximation from §(1,2)6(2,3).
With the vertex, let us remove the unpleasant §/8u operator from the definition of the

self-energy. The exchange-correlation part can be rewritten as



V(4)

xe(q, 2)_1ﬂ d3456 v(1*, )6 o)

G(1,6)I(6,2;5).

Using the fact that the change in the total potential induced by the external potential is the
dielectric function

SV (4)

6_1(4,3) = m

and the fact that the dielectric function operated to the Coulomb potential is the screened
Coulomb

W(1*,4) = fd?, v(1*,3)e1(4,3)
¥X¢ can be rewritten as
$X¢(1,2) = if d56 W (1*,3)G(1,6)[(6,2; 5).

To remove the §/8u operator from the screened Coulomb, it is rewritten as

5G(4,47) 8V (5)

W(1+,2) = v(1%,2) +fd34 v(1%,4) 5V(5) du@3)

——=v(3,2)
5G(4,44)
SV (5)

5(p(2))
5V (5)

=v(1*,2) + f d34 v(1%,4) W(5,2)

=v(1%,2) + f d34 v(1*,4) W (5,2)

and then, the derivative appearing in the last line, which is the polarization, is rewritten using

the vertex function as

5G71(3,4)
8V (2)

Then, we can obtain a Dyson equation for the screened Coulomb as

P(1,2) = ifd34 G(1,3) G(4,1%) = —i fd34 G(1,3)G(4,11)(3,4;2).

W(1+,2) = v(1+,2) + f d34 v(1+,4)P(2,5)W(5,2).

4. Hedin’s equation
Finally, we arrive at a closed set of equations called Hedin’s equation
G(1,2) = G°(1,2) + [ d34G°(1,3)2(3,4)G(4,2)
$X¢(1,2) = i d34W(1%,3)G(1,4)I(4,2;3)
P(1,2) = —if d34 G(1,3)G(4,11)I(3,4; 2)
W(1,2) = V:(1,2) + [ d34V:(1,3)P(3,4)W(4,2)

53%¢(1,2)

r(1,2;3) = 6(1,2)8(1,3) + [ 4567 e as)

G(4,6)G(7,5)I(6,7;3)

By self-consistently solve them, one can rigorously obtain the Green’s function. When the



vertex function is approximated as the product of delta functions, it corresponds to
approximating as £*°(1,2) = i d34W(1%,3)G(1,4). This is the reason why it is called the GW
approximation. This approximation also means to taking P(1,2) = —if d34 G(1,3)G(4,17),
which indicates two particles are propagating independently. As a higher order approximation,

one can use the first order approximation

:3)=§ 5 d45 627(1.2) 5
I'(1,2;3) = 6(1,2)8(1,3) + [ d4 67m6(4,6)6(7, )

to obtain the polarization. The resulting set of equations is called the GW + Bethe Salpeter

equation.

To describe the equation, it is convenient to use the four-point response function defined
above
x(1,2;1,2") = L(1,1,2,2") = iG,(1,1',2,2") — G(1,1)G'2", 2).
It can be derived by Schwinger that this quantity is given as a response of the Green’s function

G(1,1") perturbed by a nonlocal external potential u(2,2) as

o BG11)
L(l,l ,2,2 ) = —lm.
Using the identity of the functional derivative,
S§F(1,1") §F1(3,3) D ,
we obtain
8G(1,1") , L 8G71(3,3) ,

When this is substituted with the Dyson equation
G-1(33") = G;1(3,3) —u(3,3) — 2(3,3),

We obtain
6G(1;1’) _ , o 82(3)3!) ,
Seaz) = L6 + f G036, 1) 5 a3 4343
= ! Y 82(3,3") (SG(4’:4”) ’ ’
= 626, 0+ | CAN6E Ve BT dha

The first term in the left-hand side, or the product of the Green’s functions, is regarded as the
four-point response function within the independent pair approximation. Therefore, it will be
denoted as Ly(1,1',2,2"). The second term contains the derivative of the self-energy, which

will be denoted as

K(3,3',4,4") =  SZ(33)
) G @Ay



This quantity is the electron-hole interaction kernel because it relates the non-interacting

response function with the interacting one as
L(1,1,2,2") = [,(1,1',2,2") + f Lo(1,1',3,3)K(3,3', 4,4 L(4,4',2,2")d3d3' d4d4'.

The kernel K can be decomposed into the Hartree and exchange-correlation contributions.

The former
K*(3,3',4") = iM
8G(4,4")
is called bare Coulomb exchange interaction and can be described as
K*(3,3,4") = §(3,3")8(4,4")v(3,4).
While the latter is given within the GW approximation as

BTG 5(3,4)6(3',4HYW(3%,3") G(33’)8W(3+'3,)
"Tscaaay T OW ’ ’ 2 TSG(44)

The functional derivative, the second term in the right-hand side, can be removed by using

the polarization, W = v + vPW, which provides the relation §W/5G = W §P/5G W as

BTG 5(3,4)5(3,4HYW(3+,3") f G(3,3)W(3%,5) OP(5.6) W (6,3")d5d6
YeGay O ’ ’ ’ ) SG(aan '
Using the approximation P = —GG,
B2GE) 5(3,4)6(3',4H)W(3+,3)
YTsGaan T O ’ '
8(G(5,6)G(6,5M))
. ' + !
+1fc;(3,3)W(3 ,5) SACYS) W (6,3")d5d6,
and further,
B3 5(3,4)6(3,4)W(3*,3") +iW(3*,4)G(4,4T)W(4',3")
l 8G(4,4’) - ) ) ) 2 ) ) )

+iW(3+,4)G (4, 41)W (4,3).
The first term is called the direct term, and the second and third terms are called second-
order correction terms.

K*(3,3',4,4") = 5(3,3')5(4,4")v(3,4)

K4(3,3,4,4") = —5(3,4)5(3'4)W(3*,3")
P gl swW(3,3*
K'G348) = —G(3,3) =~ GE 7 4,)).
It is important that this GW + Bethe Salpeter equation can be rewritten using the Kohn-Sham
orbitals as basis. The resulting equation is formally the same as the response function

appeared above in TD-DFT,



—t )
x(rt,r't") = xgs(rt, r't’) + fff Xks(Tt, r1t1)[ I 22+ Ko (rity, 1ot) | x(rata, 7't").

When we take the standpoint that the response function is given as a functional of the electron
density through the KS orbitals, this is a density functional theory with advanced form for the

exchange-correlation.

Direct random phase approximation
Let us go back to the density functional theory again. One of the crude approximations to
the response function was to take the direct term only, which is within the adiabatic
connection path
K]:llxc(rlvrz; w) = K]%(rprz) = Av(ry, 12). (4.28)

When this is used, the resulting equation for the response function is

XAy, 12 0) = xo(ry, 75 0) + Afff Xo(r, 13, 0)v(r3, 1) X3 (s, T2 0). (4.29)

By this we can define the correlation functional within this approximation called direct RPA

as

1t *dw X (r T3;0) X0 (14,72, ©)
EdRPA — _f dlj —1w0+ ij o\r1,7T3; 2,
[« 2 - 27_[ /1 T, | |r3 — r4| drldrzdr3dr4

ry,rz;w Ty, Ts, W Te, Ty W
+AszfX0(1 3, W) X0 (T4, 55 W) Xo(T'6, T2 )drldrzdrgdmdrsdre

1= Tallrs = 1ullrs — 16l

] (4.30)

Practical formulation of dRPA
Equation (4.29) can be expressed using the four-point response function as
ixa (%1, X2, %1, X5; 7)
(LpllT fif (g, x3; t)A] (x5, 255 t5)] |lIJ )
— (P (xy, x5 ) [PANPA AL (xy, 255 £5) | P4). (4.34)
Within dRPA the Dyson equation for the response function is

dRPA
XA (xll

= XO(xll X2, xll' x’2; 0))

! !
X2, X1, X3; (,U)

+ff dx3dx4dx5dx6)(0(x1,x4,x'l,x3;w)Kli“(x3,x6;x4,x5))(fRPA(x5,x2,x6,x'2;(u) (4.36)

with the kernel being given by
Kii (1, 22, %1, %5) = Av(|ry = 120)8(x; — x'1)8(x, = x'3)

Note that the non-interacting kernel can be given by the KS orbitals as



N 610G B ()i () b ()b (X2) b (XD i (x1)
Xo (X1, X2, X, x5, 0) = Z _

— — o, i0+ — ) —i0t
L w— (g, — &) +1i0 W+ (g, — &) —1i0
Now we take a basis representation. The basis is formed using the combined occupied and
unoccupied orbitals as
fia(x1,%1) = ¢ (x1) g (x1)

fai (1, x1) = ¢a(x1) i (7).
Then y, canbe expanded as

Ko, %0, %1, %43 0) ) Dtolpafy (ia, 40 (2, %2)
pq

where

6ij5ab
(g, — &) +i0*

o (@)]ia,jb = -

5ij5ab
[XO(w)]ai,bj = w + (Ea _ 51’) —io+

[Xo(@)]iap; = [Xo(@)]aijp = 0.

Therefore, in a matrix representation

wrw@=-[0 2-eG ] e
with
Agig jp = (eq — €)6i04p-
Then
()(SRPA)_l(w) =— [(gg ig) —w ((1) _01)] (4.40)
with
(ADiajp = Deig b + HPadj|Pids)
Bia,jp = Mda®p|Pid;)- (4.41)
To take the inverse in Eq. (4.40), we solve the generalized eigenvalue problem
(5 W) =eiG S (4+42)

Under the normalization condition for the eigenvectors (X ,Y), the response function is
1 X 1 X
dRPA _ E n,/l) + + ni “F «+
w) = _— X Y - .. X Y ,
X (w) 4 [w — w{} 10+ (Yn,/l ( nA n,A) o+ wr,} — 0+ <yn'/1>( nA nA ]
and the correlation part of the two-body density matrix is then

o) * *F * *t
dw . Y, ,Y Y. X
AdRPA __ iwo+ _ nAtn,a nA%n,A 0 0
RAAA = [T [y ) — xo(@)] = ( i, *+>—
® Zmi n Xn.lyn,l Xn,an,A (0 1)




Therefore, the correlation functional is given by

1t * %
EgRP = fo a2 Y D (Giul$ad) an)iy (1), + (815110ab) (Xna) ;OO0

ijsN<ab n
+(Patp|0i6)) (Xn);, (Yn2) , + (@100|$ay) | (Oia(Kna) , = 8110 |

This is the formulation within the direct RPA. There are other formulations as well depending
on how the A integration is done efficiently by introducing approximations/assumptions.

Most of the dRPA calculations are done non-self-consistently using a lower-level electron
density although self-consistent calculation can be done using the optimized effective
potential scheme. With this, we can incorporate the van der Waals interaction. Yet, this
scheme is not free-from the self-interaction, that will affect insulators more significantly. To
overcome it, one can add the exchange to the direct term as

Kb o (ry, 75 0) = K} (1,13 ©) = 20(ry,13) + AK, (14, 75; 0).

This approach is found to correct the problem only minorly. It is thus necessary to go beyond

the RPA approach by adding terms that include the vertex correction.
Nonadiabatic coupling of electrons and nuclei (ions)

Here we consider the whole system, consisting of electrons and ions, quantum mechanically
although ions have been treated classically so far. We will go beyond the Born-Oppenheimer

(BO) approximation here. By the way, what was the BO approximation?

BO approximation is explained as originating from large difference in mass between an
electron and a nucleus; even for proton the ratio is 1/1700. For heavier elements, the ratio
amounts to that of Earth over Sun. It is no wonder to decouple the motion of nuclei from that
of electrons. Even though BO approximation will be generally valid to first order
approximation, there are phenomena related to breaking down of BO approximation. Such

occurs for chemical reactions, electronic friction, and so on.
Now let us discuss it quantitatively using the BO theory.

As the starting point, let us consider the system with

hr R,
— 5y VA~ 5 Vi HV(R,T)

H=
2m

where an electron with coordinate r and mass m and a nucleus with coordinate R and mass

M is interacting via V(R,r). The time-dependent Schrédinger equation is



ihd,W(r,R,t) = HY(r, R, ¢t).

When M > m, naive approximation is to neglect the first term in the Hamiltonian and treat
the nuclear coordinate classically. It can be also assumed that the nuclear velocity is much
smaller than the electronic one, by which the electrons will have enough time to deexcite to
the ground state via coupling to environmental degrees of freedom, like electromagnetic field,

phonon, and so on. In that case, one need to solve a static equation

_ h2
Hy(R®)) = - %vﬁ +V(r;RQ®))

ﬁellpel (1’; R(t)) = Eel(R(t))Lpel(r; R(t))
where E,;(R(t)) is the ground state energy of electrons for a given configuration of nuclei,
which is usually called the BO potential energy surface. The classical nuclei will evolve with

time according to the Newton equation

MAZR(t) = —VRE,(R(t)).

Let us derive this more formally. To do this, we prepare a complete set of the electronic

Hamiltonian and expand the whole wave function as
YR = D 2R O (T R),
n

where

Herpn (1 R) = En(R)Pn (r; R).
Note that the nuclear coordinate is treated quantum mechanically through the nuclear wave
function y,(R,t), which is introduced as the expansion coefficient. ,(r;R) is time-
independent and is given as a function of parameter R; time-dependence is considered only

through y.

The nuclear wave function follows an equation of motion, which can be straightforwardly
obtained by applying the whole wave function into the starting time-dependent Schrodinger
equation

2

h
0, xm (R, ) = [—m% + Em(R)]xm(R, 0

h? h?
—ﬁZwmllewn)wn(R, 0 =5 > Wl Bl RO (D).

When the first term in the right-hand side is larger than the second and third terms, the

nuclear wave function of m-th excited state y,,(R,t) follows quantum equation of motion



given by the corresponding potential surface E,,(R). Then y,,(R,t) can be regarded as the
wave packet. The centroid of y,,(R,t) follows the Newton equation. This corresponds to the

BO approximation.

Because of the second and third terms, the nuclear wave packets are interfering with each
other. The BO approximation thus breaks down. The second term represents a coupling
through the first-order nonadiabatic coupling (NAC) vector

WiV 1)
and the third term represents the coupling through the second-order NAC (1,,|V3[,,)-

The first-order NAC vector can be rewritten as

(¥m| (Ve H)[n)

(Wm| Vi) = 5 —E

This indicates that NAC should be very large when there is a degeneracy of the BO surface.
When the numerator is non-zero, the coupling diverges at the degenerate point, which is
usually called as crossing point. The BO surfaces generally looks like a Dirac cone of graphene
because of linear behavior of the BO surfaces. Therefore, the crossing point is sometimes
called as a conical intersection.

The breakdown of the BO surfaces can happen at the crossing point even when the nuclear
mass is large. For metals, the crossing should occur. For example, when a charged particle
approaches a metal surface, the ground state will be mixed with excited states though which
energy transfer occurs from the particle to the surface. The particle is then decelerated. This
phenomenon is called electronic friction. This contrasts the friction generally occurring for

insulators, where the energy transfer occurs from the particle to phonon.

On the other hand, the coupling (,,|Vg|,,) is generally large for insulators although the
crossing does not usually occur between the ground state and the first-excited state; this is
reflected from the large electron-phonon coupling. The crossing, however, can occur between
two excited states. Therefore, the mixing occurs in excited states dynamics. Suppose there is
a potential surface that may lead to a dissociation of a molecule and another one that may not.
Depending on the velocity of the wave packet Vg, (R,t), the second term in the Hamiltonian
(Eq. (1)) can be large or small; the faster the velocity the larger the coupling is. This explains

behavior of fast chemical reaction occurring after photo-excitation.

How to access the NAC vector

To get the value of NAC vector, one needs to evaluate the change of the many-body wave



function (eigenstate of the electronic Hamiltonian) with respect to displacement of nucleus,

(WY |Vr|y,), which is usually too difficult to achieve. In this context, let us recall the equation

@ Pl ) ) i
Vgl = L T Nn) LR~ RULY - S RO

where h(r;R) = Vg ( ) Let us then compare it with the density response induced by the

R|
perturbation Vi (r,w) = h(r; R)e!“?, that is,
500, 0) = [ X1, Ve, )

The response function is given by

[(lﬁoIﬁ(r)lllin)(llinlﬁ(r’)lllio) ol ) [hn )| () |1ho)

x(rr'w) = —(Ep— Eo) + i @ + (Ep = Eo) + in

where p(r) = YN_, §(r — ). When taking [ dr §p(r, w)Vey (1, w), the resulting quantity is

proportional to

(lpolvextll/}n)(wnlvextlwo) (lpOlVextlwn)(wanextlwo)
w—(E,—Ey) +in w+ (E,—Ey) +in

B Z (Dol R(R) [P )W [R(R)Iho) (ol R(R) | Xt |R(R) o)
B w—(E, — Ey) +in w+ (E, — Ey) +in

of which the numerator is square of the NAC vector. This indicates that the NAC vector can

be given by the susceptibility (correlation) of h(R).

According to the time-dependent DFT, this can be given via the Dyson equation

x(r,r',w) = xgs(r,r', w) + f drydry xgs(r, 1y, 0)Kyxc (1, 12, @) x (12, 7', w),

where

Tt fae (72, )

KHXC(T1.7”2.(U)=| —
1~ T2

and

1]

, @i MPaMPa (NP () @a()@i()ei (r)pa (")
Xrs(r, 7', @) =2 — = .

. —(eg—&) +in w+ (g — &) —
where i (a) runs over all the occupied (unoccupied) states. (Practically, one cannot take all
the unoccupied states into account. One needs to introduce a cutoff). Therefore, by
computing the susceptibility using the response function of TD-DFT, one can obtain the
value of NAC vector. There is a known compact form for the response function, known as

Casida equation, which can be used to conveniently. TD-DFT is accessible by Quantum



Espresso as well as may quantum chemical software packages like Gaussian.

Recall that the TD-DFT equation was derived from the response of the Kohn-Sham artificial

system to the change in the effective potential

5p(r,t) = f Xis (Tt 7' t) 6vege(r't)dr' = f Xis (T, 7' ) (8Vexe (') + Svnxc (r't))dr’

= fXxs(rt,r't')(5vext(r’t’) + fuxc ('t 77t") Vexe (r''t"))dr,

which is Fourier transformed to the previous equation. The quantity fyxc, or the Hartree
exchange-correlation kernel, is a functional of the time-dependent density. Note that the
adiabatic approximations (or w-independent approximations) are usually adopted. Note also
that the kernel formally plays a role of describing the interacting electrons and holes as does

the exchange-correlation self-energy in the theory of Hedin.

It is worth mentioning that the TD-DFT has been shown within the linear response scheme.
But the importance of TD-DFT is in the fact that non-linear response can be accessed despite
its limited accuracy originated from using approximate functionals. The linear response
means a linear deviation from the ground state, which is generally invalid for representing the
excited state density. The excited-state of a small molecules, for example, has a density that is
very different from that of the ground state. The excitation is no more a small perturbation to
the system. In that case, one should alternatively follow a real-time evolution of electrons,
which can be achieved by integrating the time-dependent Kohn-Sham equation with respect

to time.

The simplest expansion formula like

L @u(t+AL) — @, (t — At) 1

is not very appropriate in this case because this does not guarantee orthonormalization of the

Kohn-Sham orbitals. In this context, it is convenient to use

@n(t + At) = exp [—%(— % VZ+ Veff(Tt)) At] Pn(t)

= exp[~ o5 (=377 e exe |-G vops rome]exp = 5 (=377 ] a0

which guarantees the orthonormalization and thus advantageous for parallel computation.

When applying the classical approximation to nuclei as



ih 0We)(r; R(t)) = HoWer(7; R(1))
MOZR(t) = —VRE,(R())
this coupled electronic and nuclear equation is called Ehrenfest equation of motion. This is a
kind of mean-field approximation to the coupling of electrons and ions. In integrating this
coupled electron-nucleus equation, one will encounter a problem of very different time-scale
for the electronic and nuclear motion. The large difference in the time-scale makes the

numerical approach very unstable.

It is worth mentioning that the mixed classical-quantum approach like the Ehrenfest is known
to introduce a fundamental problem; as note in many textbook of quantum mechanics, nuclear
force derived thereby can be meaningless. Nuclear motion will be driven by the “force from
electron” averaged over quantum states of electrons, which needs to be handled carefully.
When, for example, there are two electronic states for which a nucleus will feel a dissociative
force and a binding force, respectively. The nucleus will feel just an averaged force although,
in proper quantum mechanical approach, the nuclear wave functions of dissociative and
bound character should be used to describe the nuclear state. For a system of very small

degrees of freedom, there are ways to avoid such problem but is not practical for large systems.

There are movies on the Ehrenfest TD-DFT simulations, for example, on the internet.
https://figshare.com/articles/Physical_Factors_Affecting_Charge_Transfer_at_the_Pe_CO
OH_TiO sub_2 sub_Anatase Interface/2238757

One can observe a charge-transfer phenomenon that occurs between the adsorbate molecule
Pe-COOH to a titania surface. The authors investigated how the charge transfer dynamics is

affected by nuclear motion.

Quantum mechanical behavior of nuclei

Although nuclei are heavy, they behave as a classical particle at high temperatures. However,
this is not always the case. Especially for hydrogen, or proton, the quantum effect is negligibly
small. To take the quantum effect into account, at least approximately, one can use the path

integral method.

For this purpose, let us start from the Hamiltonian
_ p? o
H = Zﬁ‘i' H,(%,%; R)

and adiabatic states |y;(R)). By decoupling the whole system into electronic and nuclear

states as



[Wi(R)R) = |i, R)

the following equation is assumed to hold

H (7, 8; R) i (R)IR) = E:(R)|Y:(R))IR).

We are interested in an equilibrium density at temperature T. Then we will derive a formula

for the partition function
Z = Tr[exp(—pH)] = f dR Y (i, | exp(~B ) |i,R)
i

When the exponential is partitioned into P parts by inserting the identity

[ ar. Y liRyil
szde---dRP Z <i,R|exp(—%ﬁ)

iq,ip
exp(—%ﬁ) exp(—%ﬁ)|i,R>

Then we need to evaluate terms like

we get

ip, RP>

X <iPrRP lp-1, RP—1> <i1'R1

/SN

J

p(s,s—1;1) = <is, R.| exp (— is—lfRs—1>

This can be approximated as

By PP
€xp (— P 2 M,

( B Eo(Rs) + Eq(Rs—1)
X exp —E

p(s,s — 1;1) = (Yo (Rs) o (Rs—1)) <Rs

o
> ) 8i.00i,_,.0

from the adiabatic sense. The overlap appearing above can be approximated by using Taylor

expansion as

Seso1 = (o (R Wo(Rs_1)) = f drps (s ROWo(r: Rsy)

1
=1+ EZ(RI,S—LRI,S)(R],S—IIR],s) f dripo(r; RV sV s—11o(r; Rs—1)
L]
where we have assumed that the wave function is real, so that we can apply

de¢S(T;R)VI¢O(T; R)=0.

Since the derivative terms are small, we can reasonably assume that the overlap is small. Then

2
M P
p(s,s — 1;T) = exp <_§ 7’<B—C> (Rl,s - RI,S—1)2>
1



Ey(Rs) + Eo(Rs-
exp (_g o(F) + EoF, 1)) ot

Therefore, we have

3P
=T 1| [ anans o -85 Y23 (h =+ it

This has the same form as the partition function of classical systems having N x P particles

M, (VP\® 1
Vetr = Z Z% (,B_h) (R,,S - R,_S_l)z + FEO(RS)

This means that, if we perform a molecular dynamics (MD) simulation using NP particles

interacting via

under a constant temperature T, we get canonical ensemble of N quantum particles. So, the
problem is then how to do the DFT MD simulation. In fact, the method is well established.
The quantum simulation can be done conveniently using, for example, PIMD developed by

Dr. Shiga.
http://ccse.jaea.go.jp/ja/download/pimd/index.jp.html

Linear response within classical statistical physics

Here I discuss a theory of density correlation for a classical many-body stem to be
compared with DFT. The method is based on the standard statistical physics of a grand
canonical ensemble. We start from the Ornstein Zernike (OZ) equation. For detail, please

read the article written by Prof. Sato, (http://j-molsci.jp/archives/AC0004.pdf).

We now see how the correlation factors are described in a classical system
(a) fluctuation and correlation

Let us define the density operator

N
o) = ) 8 —7) —ny,
i=1

where n, is the density averaged over the whole system. The average of én(#) over the

ensemble is zero, or

N
() 8G =) = o,

The density fluctuation can be written as


http://ccse.jaea.go.jp/ja/download/pimd/index.jp.html

N N N
On@on) = () 8G =7 ) 8(F = 7)) = 20 () 8G — 7)) + 13
i=1 j=1 i=1

N N
=) 8G-R)OE —FN+( ) 8G —7) 8(F ~ 7)) 3
i=1 ij=1,i%)

=nyS(7 —7') + ndg(# 7)) — né = nydS(F — 7') + n3h(#,7')

where g is the pair correlation function

gFF=( ) 8FE -8 - 7))
Lj=Li%]
and h is called as the total correlation function (two-body density matrix over square of the
particle density)
h(# 7)) = g# 7)) — 1.
Note that similar quantities have been discussed above although the naming is somewhat

different. (n2h(#,#") & ny(r,1"))

To relate the correlation with the response function, it is convenient to introduce a functional
derivative scheme. In the first step, let us relate the correlation with the partition function.
(b) grand partition function and grand distribution function

Then, we focus on the grand partition function. For a system described by the Hamiltonian,

H—i ! p2 4+ Uy(1,---,N)
- .zmipi N\YH ) )
i

the partition function is written as, using the thermal de Broglie wave length A =

h/\/ 2mmkgT,

Z ([f st expt-pUut ) = 0110

- Ni) w %exp[—ﬁu,v(l,---,zv)]d(l N,

z = A% exp(Bp),

and the m-particle distribution function (classical analogue of the m-body density matrix) is

where z is the activity

given as



D (L m Zﬂ dcl .. N)—exp[ BUN(L, -+, N)]

X ZZ z §(1—7)8(2 =)+ 8(n — 7).

T JF k#L)
This can be rewritten as a sum of multiples of the canonical partition function Zy and the

canonical distribution function n(m)

1 [oe]
nm(1,we,m) = = mzN ng” (1, -+, m)
N=O

Note that

m) N!
ff d(l ...N)nNm (1,,m) = m

Now that the correlation functions are given in terms of the partition function, let us consider
the functional derivative method.
(c) Functional derivative

When the potential energy consists of the external potential and the rest as

Uy(1,-,N) = Z V@) + U'y(1, -, N)
i=1

the grand partition function can be written using generalized activity
z(7) = zexp[—-BV (7]
z(i) = zexp[—-BV (7]

5= ZJ_U]W< Z(l)>eXp[ B(U' N, -+, N))]d(1...N).

When this is differentiated by z(#), we get

. N
62(1") Z_Ufjvlzgj((;)) jJ:jLiZ(j) exp[-B(U'y(L, -+, N))]d(1..N)
- iﬂfﬁzﬂﬁ—?) ﬁ 2(j) |exp[=BU'y(1, -+, N)]d(L ... N)
N=0 7

jELj#

as

Zﬂf (N = Z(/) exp[-B(U'y(F 2,+,N))] d(2 ... N).

Comparing with the above equations for the distribution functions, we can show



r) 8E 8InE
n(l)(F) = Z(_T) — = n -
E 8z(*) 8lnz(r)

snWO (@) 3 snWO (P
8z(7)  8lnz(#)

n@ @ 7 = z(#)

Note that §Inz(#) = —p8V(#), so that

snO @)
Y4AGOR

This is a fluctuation dissipation theorem in the sense that the two-body density is related to

n@(F 7)) = —kgT

the response of the density to the local potential.
Let us then consider inverse of the response function

8@

SV
This should be the inverse of the non-interacting response function minus the interaction
kernel. When no interaction exists,

ng” (7) = exp[~BV (D),

so that
V(@) 67 —7)

O-17 7)) = — = .
X #7) snW(#) n(()l) @)

Deviation from this is the result of the interaction, which will be denoted by K(#,7") as

8lnz(¥) NG IR GEE)

—1/2 21 = -
P (A ) D) ) PsnO@Ey T nO@

K@, 7).

When we use the chain rule

snM @) Slnz(F")
Snz(#") snMF")

=57 —7)

we get
1;7// — rl)

)
f(n(?)&(? — 7" + n(@®hE@ 7 InG") ( (n(q,,)

—_— K("l’ "I))d"l/ 6(,);) _ F’)'
and further

n(@®hE, ) — n(OKE 7 — n(#) f h(F, P OnE DK (F" 7)) di" =

h(#, 7)) — K@@ 7") — f h@ " n@E K@, 7)) dr" =

which is the OZ equation to relate the inverse of the response function with the density
correlation via a Dyson-like equation. Note that this derivation shows that OZ does not
require a pair-wise interaction. When the interaction kernel K is given as a functional of the

density n(r) using the DFT for classical particles, the correlation h is determined. In the



classical DFT, there are known approximate and explicit relation of K and h when the
particles are interacting via a two-body force. The relation is called as a closure and the famous

ones are the hypernetted chain closure and the Percus-Yevic closure.

Maximally localized Wannier orbitals
In solid state physics, Wannier orbitals are constructed from the Bloch orbitals by taking a
“Fourier transformation”. Wannier orbital is localized spatially with the decay rate depending
on the electronic structure; it decays exponentially for insulators and polynomially for metals.
The decay rate can be enhanced by adding different bands to the transformation. When this
is done maximally, the orbitals are localized in atomic scale and can be taken as atomic orbitals
under the crystalline environment. The resulting orbitals can be conveniently used as a basis
of the strongly correlated electron models. In addition, it has a peculiar property surprisingly

suitable for the study of ferroelectrics.

Formulation
We begin by defining the Wannier orbitals taking the phase factor ¢ explicitly taken into

account.

Q . .
Ra) = o5y | Wonedete0kedl
BZ

Here, 1, (r) is the Bloch orbital,

Ynie (1) = ung (r)et: Uni () = Upg (r + R),
R is the lattice vector and (k) is the phase factor that is periodic in BZ; @(k) = ¢(k + G)
for reciprocal lattice vectors G. We can localize the orbitals more by including a unitary

transformation among bands:

Q . ;
(2m)3 J Z UL [ )e WO - kR g

BZ m

|Rn) =
The transformation matrix U can be determined by minimizing a variance
L= (0alr?10,) = (0]r10,)%)
n

One can show that the matrix elements can be written using the periodic part of the Bloch

function and derivatives in the reciprocal space.

: Q ikR
(Rnlrlom) = l@ f(unklvklumk)e dk
BZ
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The derivatives are in practice estimated using the finite mesh points spanning the Brillouine
zone; this is the computational physics. In this case, we approximate the derivative by a finite

difference as
PFCk) = ) wyblf(k +b) = £(]
b
where b's are vectors chosen so that k and k + b are neighboring mesh points. Similarly,

P2F00) = ) wyblf(k + b) - F(O
b

This indicates that |V |umk) 1s approximated using overlaps of the form (u, |Upmp4p)- [t

was shown that

1
(0,]7]0,) = — Nz wy b Im(In{up,p [ Uniap)): Wannier center
kb

1
<0n|r2|0n> = _Nz wp {1 — |<unk|unk+b)|2 + |Im(ln<unk|unk+b))|2}
k,b

hold. Therefore, the overlaps, Mr(llf;lb) = (Upk |Umr+p)> Plays the central role in calculating the

localized Wannier orbitals.

Modern theory of polarization

1. Motivation: Intuitive definition of polarization will be

1
P=— drrp(r),
0 cell
where 2 is the volume of the cell and p(r) is the charge density, but this is ambiguous for

solids. The result depends on how we take the origin and also how we take the unit cell. This
is the well-known problem of the polarization. You may consider that the real materials are
finite, so that the polarization should be well-defined after integrating over the whole sample.
In that case, the integration can be transformed to the surface integration using the Green’s
theorem. Thus, the theory requires argument of the surface. But, there is a way to define the

polarization using the unit cell information only.

2. New approach: One can solve the problem of the ill-defined “crystalline polarization” by
considering “flow of charge” associated with displacement of ions. Phenomenologically, the
polarization occurs associated with the ionic displacement, such that the polarization P is
zero at an initial configuration of ions but is nonzero at a displaced configuration. This fact

makes it possible to define the polarization by connecting the initial unpolarized state to the



final polarized state continuously and integrate the associated flow of charge as

1
= | dt—=| drj(rt).
f 2 cell

This “adiabatic” definition has made it possible to modernize the theory of polarization.

2.1 (DFPT formulation) Before introducing the modern theory, let us apply the DFPT
explaining associated problems. To make the polarization to occur, we apply electric field with
large wave length; because of the ill-defined nature as explained above, the wave length is let
to be finite and will be extrapolated to infinity after the calculation. Because of the electric
field, the atoms will be displaced in proportional to the field strength thereby generating a
polarization P, = Z R. The nuclear charge Z, can be defined alternatively as the derivative of
the polarization with respect to the atomic displacement §R. This can be also described as
the second derivative of the total energy with respect to the electric field and the atomic

drsplacement & Ftot The electron density will also be changed by the electric filed by 6E +

ap 5R + ;aaap 6E6R + ---: Because the first order changes are zero, the second order is
1mportant. Since the uniform electric field is also ill-defined, we practically apply the field of
finite wave length and then extrapolated to infinity after calculation. From the second
derivative modifies the value of Z, as Zt + Z.g, which is called Born effective charge. This is

a DFPT approach to the Born effective charge. The modern approach is different.

3. Formulation: Let us introduce a parameter A connecting the unpolarized and the polarized
states; you may regard A as a parameter for the displacement. By applying a first-order
perturbation theory, change of the wave function can be written as

(O = =52 Y 2 —“”m"' *'1”’:) W)

m#+n
Corresponding current is obtained by calculating the expectation value of the current operator

as,

jn — % _ ihel Jdk (djnklpllpml)(lpmklaﬂrllpnl)

dt (2m)® £ — Ep
This can rewritten using the periodrc part of the Bloch wave function. The result is

dP, ied
E = WJdk(Vkunklalunk) +c.c.

This is appealing in that the contribution from the unoccupied states disappears and that the
derivative with respect to k is conveniently accessed by the maximally localized Wannier
orbital method.

When summing over all the occupied states n and integration over t (to connect the

initial and final states) we finally arrive at



e
PO) = g5 Y [ dlunil Vel

AP = P(1) — P(0) = P(1)
This is equivalent to the quantity appearing in the Berry phase theory and thus we will regard

(Uni| Vi |luni) as a Berry connection or gauge potential. Note that this is the electronic

contribution to the polarization. We need to add the ionic contribution

e
Pon =2 ZiRe,
T

e e
P = Wlmz_fdk(unﬂvﬂunk) +EZ Z:R;
n T

This way we arrive at this very useful formula.

as

4. Quantum of polarization: Suppose we are integrating over a path within a one-dimensional

Brillouine zone;
e /L

e
b 2n_¢n = EImJ_R/Ldldunklaklunk)

In this case, the initial and final points are equivalent because of the periodicity. So, the above
integration path corresponds to a closed loop.

The phase of the wave function can be taken arbitrarily like
Upy = e_iﬁ(k)unk
except that the difference at the boundary B(m/L) — f(—mn/L) is a multiple of 2 7 . When the
polarization is calculated using this new wave function, we get

¢n = ¢p + 2mm: m € Integer
indicating that the polarization can be defined within the modulo of e. In other words, we

cannot definite uniquely the crystalline polarization, which may be understood as different
paths can be used to connect the equivalent points in the Brillouine zone.
When this discussion is extended to a 3D system, it can be shown that the polarization is

well defined within the modulo of

where R 1is a lattice vector

Please see a literature on modern theory of polarization for the proof.

. . . . . io
The polarization can be rewritten using the relation r = — #, as the real part of
T
L dk /L
P, =—e | —(uul|—idglu =—ef —(upelr|u
n= e [ gl = e [ oo el
L

5. Wannier center: We have learned that the Wannier orbitals are
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wp(r—R) =10

k. k .
| G ) =0 | e P ()

Then, it is possible to show that the polarization can be described by the position of the

Wannier center (after adding the contribution from the nuclear charge)

e e
Pn = E(rnR - R) = E((WanrlwnR) - R)'

Note that the Wannier center represents the spatially distributed charge density as a point
charge (see figure). We can thus regard the polarization effectively as the charge assigned to
the Wannier center. Note that the calculation can be done efficiently when using the most
localized Wannier orbitals, instead of the standard one shown here, but that formulation is

skipped here.

)
A
+ »  >—®

There are various ways to relate it to the flow of charge differently like

)\

This difference corresponds to the existence of modulus.

Now that the formulation has been given, we now follow the tutorial done by QE community
in India. Do the calculation and see what will result. After that, try to explain in your words

what you did there.

Density functional perturbation theory
(http://iffwww.iff.kfa-juelich.de/~wortmann/IFF-Springschool45/C2.pdf)

Here we study the perturbation theory within DFT, namely DFPT. DFPT is different from
the perturbation theory of noninteracting systems in that the density response should also be

taken into account. I will introduce DFPT in relation to the polarization of materials.



1. Sternheimer equation for noninteracting systems
The first-order change in the wave function 1[1i(1) can be obtained by solving the Sternheimer

equation

(HO® — ®) |¢i(1>> = —(H® — ) |¢L_(0)>

where H® and €° are unperturbed ones and H® and &£ are the perturbed ones and

£ = <¢i(0)|H(1)|¢i(o)>_

This equation is solved by superimposing the unperturbed states as

W) _ N 0 [,@) _ N @[, W |,
[vi >—ZCU [¥] >—ZCU [4; >+ZCU [4; >

j JeI jert
where [ and [' are states degenerate to ¢i(0) and other states, respectively. By this
definition,
0 1 1) (0 0 0
(H(o) _ fi( )) |1/Jf )> _ 2 Ci(j) (£j< ) _ fi( )) |¢J< )>_
jert
Therefore,
<1/)](.0)|H(1)|1/Ji(0)>
® _ _ Fe Ll
¢ = ORENO) forjel-.
g &

Using the gauge degrees of freedom to set cl.(jl) =0 forj € I. Therefore,

(b o[p®)

(1) (0)
o)== 2, %)
[v! [¥) NONINC

jert J
This can be alternatively written as
P (HO = @) Pt [p°) = =P HO @) with Pt = " [p®) (5]
jert

or

P ) = Ga(e)HOLE) with Gpa(e) = [P (e~ HO)PH]

2. DFT
In DFT, one has to take the density variation into account. The first-order change in the

energy 1s

d
Ipi(0)> + aEch[p(o)]-

d
az«ljllT + Vext + VH + chlllh) = <¢i(0)|(T + Vext)(l)
i



The second order change is

<¢§°’|(T + Vext)(2)|¢f°)> + <¢f”|(T + Vext)(l>|¢§°)> + <¢§°)|(T + V)@ |¢§1)>
+ <¢i(1)|(T + Vext) O} ”)

82 Epxe[p @] DD d <6EHXC[,D(O)] .
ff 5p(7’)5p(r’) ™Mp Y ("drdr’ +fdl W)p V(@r)dr

1 d?
2 d/12 EHXC [p(O)]
with

p0@) = ) 9 OO+ P o).

The perturbed Kohn-Sham orbitals ¢i(1) are obtained by solving the Sternheimer equation:

(19 0=~ - ) )
with
2Eitne[ 0]
HD = (T+V, )(1) + Hxc (1)(7")(17"
o Sp(dp)”
and
gi(l) = <¢1 l,l)i(o)>.

3. DFPT for polarization

Let us study the polarization, which can be characterized by change in the polarization Pg
caused by a uniform displacement of an atom k in the direction R,,: here uniform means
that the atom in a cell is displaced together with its periodic images. The relevant quantity is

the Born effective charge defined by

2 g 0P
b = R
Since the total energy can be described as
Elp]—QP-&
under the electric field € induced by the polarization,
_ 10E[p]
b= "0oe,

Therefore,



. 9*E[p]
“epa = "R 20€,

kaV<p
This can be calculated by applying the DFPT. Since the Eyy. has not dependence on the
atomic displacement and electric field, T + V., does not depend on the electric field, and the
kinetic energy operator is not affected by a uniform atomic displacement, the equation is
simplified as

0°E[p]

_9Elpl (€5) (Re)
R 05 < |(V v

B )+ (1] V) ®r?

wi(gﬁ)> 42 <¢ i(cha)

(T + Ver) @[] gﬁ)>

8%Enxc[p®] .y o
ﬂ Sp(M)op(r)’ Rea) (1) p(E6) (r')drdr,

(€8)

So, we need to solve the Sternheimer equation twice to get 1/)i(R"“) and ; ", corresponding

to change in the Kohn-Sham orbitals with respect to the atomic displacement and the

generation of the electric field.

About quantum espresso

Now let us use the environment

https://www.materialscloud.org/work/quantum-mobile

which will install a virtual machine (Virtual Box 5.2.8 + Ubuntu 16.04.4LTS) on which you

can run quantum espresso (v6.2.1) and wannier90 (2.1).
<First assignment: transfer of the benzene >

Change your directory to wannier90-2.1 (depending on the version you installed) and then to
examples/example12. Then you will find input files for the calculation of benzene.

First, do an SCF calculation: In the SCF calculation, you get the effective Kohn-Sham
potential, electron density and KS orbitals.

pw.x < benzene.scf > scf.out

Second, run wannier90 to generate a list of the required overlaps (written into the
benzene.nnkp file).

wannier90.x -pp benzene

Third, run pw2wannier90 to compute the overlap between Bloch states and the projections
for the starting guess (written in the benzene.mmn and benzene.amn files).

pw2wannier90.x < benzene.pw2wan > pw2wan.out



Finally, run wannier90 to compute the MLWFs.

wannier90.x benzene

Do this again by adding the lines to the benzene.win
restart = plot
wannier_plot = true
wannier_plot_format = cube
wannier_plot_list = 2-4
Then you have files for the second to fourth MLWFs. By changing the digits, you can draw all

the orbitals.

1. Use xcrysden to draw all the MLWFs.

Do the same thing after you have inserted a line at the end of benzene.win

write_hr = true

Then you will get benzene_hr.dat

Focus on the third to fifth columns, say a, b, H. It indicates the transfer integral between the

atoms a and b 1s H.

2. Show the value of transfer on a picture describing the structure of benzene. You need to

show only the largest ones, for example, only those whose magnitude is larger than 1 eV.

3. Describe scientific significance of the results.

<Second assignment: Born effective charge of Pb in PbTiO; >

Following the example04 of the quantum espresso, calculate the Born-effective charge of
Pb. Explain briefly procedures for the calculation, important parameters in the input file,
result of the calculation. For this, use the ball and stick model obtained using, for example,

xcrysden. Also, show scientific significance of the result.



